3-MANIFOLD INVARIANTS FROM COSETS 



Feng Xu 

Abstract. We construct unitary modular categories for a general class of coset 
conformal field theories based on our previous study of these theories in the algebraic 
quantum field theory framework using subfactor theory. We also consider the cal- 
culations of the corresponding 3-manifold invariants. It is shown that under certain 
index conditions the link invaraints colored by the representations of coset factorize 
into the products of the the link invaraints colored by the representations of the two 
groups in the coset. But the 3-manifold invariants do not behave so simply in general 
due to the nontrivial branching and selection rules of the coset. Examples in the 
parafermion cosets and diagonal cosets show that 3-manifold invariants of the coset 
may be finer than the products of the 3-manifold invariants associated with the two 
groups in the coset, and these two invariants do not seem to be simply related in some 
cases, for an example, in the cases when there are issues of "fixed point resolutions". 
In the later case our framework provides a representation theory understanding of 
the underlying unitary modular categories which has not been obtained before. 



Introduction 

This is the fourth paper in a series of papers on algebraic coset conformal field 
theories (cf. [XI], [X2] and [X3]), devoted to the construction and calculation of 
of 3-manifold invariants associated with a general class of coset conformal field 
theories. 

The history of quantum invariants started from the striking discovery of Vaughan 
Jones of a new polynomial invariant of classical knots and links (cf. [J2]) by using 
his subfactor theory (cf. [Jl]). The quantum 3-manifold invariants were predicted 
by E. Witten (cf. [Wi]) motivated by a quantum field theory interpretation of 
Jones polynomial. There are several mathematical approaches to the construction of 
quantum 3-manifold invariants. The original approach [RT] (also cf. [KM]) is based 
on theory of quantum groups at roots of unity, which has a subtle tensor product 
structure (cf. [A]) among a distinguished class of finite dimensional modules. The 
work of [TWl] , [TW2] and [W2] relies on ideas from quantum groups and subfactors. 
There are also work (cf. [EKl], [EK2] and references therein) based on subfactors 
but there are no general calculations of the invariants. The approach we take in 
this paper (cf. [R] and [FRS]) is very different from that of [RT], [TWl], [TW2] and 
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[W2] . We still have a finite set of modules , but they are all infinite dimensional. The 
tensor product in this framework is very natural: they correspond to compositions 
of certain endomorphisms (cf . P. 533 of [C]). There are several analytical problems 
in this approach, one of the most difficult ones is the proof of finite index of certain 
inclusions. For the examples considered in this paper, this problem is settled by 
[Wa], [XI] and [X7]. There are several advantages to this approach. The first is 
that our construction is automatically unitary^ since we are using von Neumann 
algebras. The second is that one of the axioms (non-degeneracy of S'-matrix) of 
modular categories (cf. §1.1) which is most difficult to check in other approaches, 
follows from finiteness of certain index by [X3]. The third and perhaps the most 
important one is that our framework provides a mathematical understanding of 
some unitary modular categories which has not been obtained by other approaches 
(cf. §3.6). However the proof of the existence of invariants docs not guarantee an 
explicit formula. One of the advantages in the approaches of [RT] (also cf. [KM] 
and [CM]) is that explicit formulas are given for any 3-manifold. The second goal 
of this paper is to obtain explicit formulas of 3-manifold invariants for a large class 
of cosets. 

Now we'd like to explain why 3-manifold invariants from cosets may be inter- 
esting. Let G be a simply connected compact Lie group and let if C G be a Lie 
subgroup . Consider representations of loop group LG (cf. §1.5) with positive 
energy at level A;^. Assume the coset H C Gk verifies the conditions of Th. A 
in §1.7. Let M be a closed oriented 3-manifold, and denote by tg/h{M) (resp. 
tg{M),th{M)) the 3-manifold invariants associated to the coset H C Gk (rcsp. 
groups G, H) whose existence is implied by Th. A. By Th. B in §2.3, it is natural 
to believe that tg/h{M) should contain the same information as tg{M)th{M), but 
the following example shows that this is not true. 

Take G = SU{2)i x 5t/(2)i, and H = SU{2)2 is the diagonal subgroup of G 
at level 2. It is well known that the coset is the critical Ising model. By an easy 
adaption of the argument in §7 of [KM], it is shown in Prop. 3.6.3 that 



where h^Mq) is the ^u-invariant of M with spin structure 6*, and the sum is over all 
spin structures (cf. §7 of [KM]). This formula can be compared to th{M), which is 
T4(M) in the notation of [KM], and is given by 



^The unitarity or positivity question in the case of quantum groups at certain roots of unity is 
not trivial (cf. [X5] and [W3]). 

^When G is the direct product of simple groups, fc is a multi-index, i.e., k = {ki, kn), where 
fci G N corresponding to the level of the i-th simple group. The level of LH is determined by the 
Dynkin indices oi H C G. To save some writing we write the coset as H C Gfe. 
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Now compare tg/h{M) with tg{M)th{M), which in the notation of [KM] is 

T3(M)2^^(M). 

By (1) of Th. 6.3 in [KM], if r3(M) ^ 0, then there exists an integer /x depending 
on M such that 

li{Me) = 11 mod 4,V6', 

and it follows that 

TG(M)^^pZ) = T3(M)2exp(^)TG///(M). 

Thus when tz{M) ^ 0, tg/h{M) agrees with tc{M)th{M) up to a homotopy 
invariant ts{M)'^ and a phase exp(^^). However when ts{M) = 0, tq{M)th{M) 
is always 0, but tg/h{M) may not be 0, for example when M — M.P^ (Note that 
RP3 = L(2,l)). 

The above example is a special case of Prop. 3.6.1. More examples in §3 show 
that tqih{M) may be finer than tg{M)th{M), and these two invariants do not 
seem to be simply related when there are issues of "fixed point resolutions", a 
problem resolved mathematically in [X2]. 

The calculation in §3 is based on Th. B of §2, which states that under certain 
index conditions the link invariants colored by the representations of coset factorize 
into the products of the the link invariants colored by the representations of the 
two groups in the coset. The proof is based on certain braiding properties first 
appeared in [X4] and further analyzed in [BE3]. These properties are also used in 
a very interesting recent paper [BEK] . 

The main new results of this paper are Th. A, Th. B and formulas (3.4.5), 
(3.5.2) and (3.6.1). 

Here is a more detailed account of the paper. In §1.1 we recall the definitions of 
unitary modular category from [Tu]. In §1.2 to §1.5 we recall some basic definitions 
from algebraic conformal theories and results which will be used in this paper. 
These sections are included to set up notations and for the benefit of reader with 
less operator algebra background. In §1.6 we discuss the nondegeneracy condition 
of cosets based on [X3]. In §1.7 we prove (Th. A) that a general class of cosets 
naturally give rise to unitary modular categories by checking all the axioms listed 
in §1.1. 

In §2.1 we recall some definitions and results from [X4] and provide a relation 
between [X4] and [BEl], [BE2]. In §2.2 the relative braidings introduced in [BE3] 
are incorporated into our formalism of cosets (Prop. 2.3.1) by using §2.1, and these 
properties are used to prove factorization of framed link invariants under certain 
index conditions (Th. B) in §2.3. 

§3 are applications of the results in §1 and §2. In §3.1 we show that our invariants 
in the case of a type A group is the same as those of [TWl], [W2] in the type A 
case. The proof is based on certain properties of our invariants (lemma 1.7.4, 
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1.7.5) similar to the cabling idea introduced in [W2]. In §3.2 we give a different 
proof of the symmetry principle ([KM], [KTl]). In §3.3 we give a different proof 
of the result in [KT2] on the level-rank duality of type A invariants as an almost 
immediate application of Th. B. In §3.4 we calculate invariants associated with 
the simple current extensions of affine su{N) based on [BE2] and [BE3]. In §3.5 
we consider the invariants associated with the parafermion cosets and observe that 
even in the simplest parafermion coset our invariants may not always be related to 
the product of invariants associated to the two groups in the coset. In §3.6 formula 
for the invariants associated with the diagonal cosets of type A are obtained. It 
is shown that for a special class of diagonal cosets known as coset W algebras the 
corresponding invariants are related to the product of invariants associated to the 
two groups in the coset by using the symmetry principle (Prop. 3.6.1 and Cor. 
3.6.2). However there does not appear to be such a relation in general, especially 
when there are nontrivial fixed points under certain diagram automorphisms. In 
§3.7 a "Maverick" coset is considered which does not verify the conditions of Th. 
B, but we identify the corresponding invariants with that of a parafermion coset 
and a coset W algebra by using the ideas of lemma 1.7.5 and lemma 3.1.1. Finally 
in §3.8 a question is raised about the pertubative aspects of invariants from cosets. 

§1. Unitary modular categories from cosets 

§1.1 Unitary modular categories. Let us first recall the definitions of unitary 
modular tensor category from I.l, II. 5 of [Tu]. 

A ribbon category is a monoidal category (assumed to be strict in the following) 
equipped with a braiding c, a twist 9, and a compatible duality (*, b, d) over a ground 
field K. Let us explain the conditions on these three ingredients. A braiding in a 
monoidal category consists of a family of isomorphisms 

c = {cv,w -.V ®W ®V}, 

where V, W run over all objects in the category, such that for any three objects 
U, V, W we have 

cu,v®w = (idv <^cu,w)icu,v <^'idw),cu^v,w = icu,w <^'idv<^)iidu <^cu,v) (l-l-l) 

The naturality of the isomorphisms of c means that for any morphisms f '■ V ^ 
V\g:W ^ W, we have 

{g <^ f)cv,w = cv',w'{f <^ g) (1.1.2) 
The Yang-Baxter Equation (YBE), i.e. 
{idw ^ cu,v){cu,w ® idv){idu ® cv,w) = icv,w ® idu){idv ® cu,w){cu,v ® idw) 



is a consequence of (1.1) and (1.2) (cf. P. 19 of [Tu]). 
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The twist ^ in a monoidal category with a braiding c consists of a natural family 
of isomorphisms 9 = {Oy : F — > F}, where V runs over all objects of the category, 
such that for any two objects V, W we have 

(^v®w — cw,vcv,w {ev^Ow) (1-1-3) 
The naturality of 9 means that for any morphisms f :U — > F, we have: 

Ovf = fOu (1-1-4) 

Assume that to each object V of the category there are associated an object V* 
and two morphisms 

bv:l^V®V*,dv:V*0V ^1, 

where 1 denotes the unit object in C. This is called a duality if the following 
identities are satisfied: 

{idv <8) dv){bv <8) idy) = idy, {dy <8) idv*){idv* (8) by) = idy* (1.1.5) 

We need one axiom relating the duality morphisms by, dy with braiding and twist. 
We say that the duality is compatible with the braiding c and the twist 9 if for any 
object V in the category we have: 

{9y ® idy*)by — {idy ® 9y*)by (1.1.6) 

By a ribbon category, we mean a monoidal category equipped with a braiding 
c, a twist 9, and a compatible duality {*,b,d) which verifies (1.1) to (1.6). A 
ribbon category is called strict if its underlying monoidal category is strict, and is 
called abelian if its underlying monoidal category is abelian. For an endomorphism 
/ : F — > F in a ribbon category, define its trace tr{f) G K to be the following 
composition: 

tr{f) = dyCyy*{{9yf) ® idy*)by : 1 ^ 1 (1.1.7) 

In general ribbon categories do not admit direct sums. It turns out that instead 
of decompositions of objects into direct sums one may decompose their identity 
endomorphisms. This leads to the following notion of domination. We say V is 
dominated by {Vi}i^i if the images of the pairings 

{{g, f)^f9- HomiV, Vi) HomiVi, V) ^ EndiV)}i 

additively generate EndiV). 

A modular category is a pair consisting of an abelian ribbon category C and a 
finite family {Vi}i£i of simple objects (i.e., End{Vi) is a free K module of rank 1) 
in C satisfying the following four axioms: 

(1) (Normalization axiom). There exists e / such that Vq = 1; 
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(2) (Duality axiom). For any i e I, there exists i* e I such that the object Vi* 
is isomorphic to (Vi)*; 

(3) (Axiom of domination). All objects of C are dominated by the family {Vi}i^i. 
To formulate the next and last axiom we need some notation. For i,j G /, set 

(we add script Tu to distinguish this matrix from the S matrix defined in §1.5): 

(4) ( Non-degeneracy axiom). The square matrix S = {Sij)ij^i is invertible 
over K. 

Let C be a strict monoidal category. A conjugation in C assigns to each morphism 
/ : F — > in C a morphism / : — > F so that the following identities hold: 

7= f,f®9 = f®9,79 = 9f- 

In the second formula /, g are arbitary morphisms in C and in the third formula 
/, g are arbitrary composible morphisms in C. 

A hermitian ribbon category is a ribbon monoidal category C endowed with a 
conjugation f ^ f satisfying the following conditions: For any objects V, WinC, 
we have 

cv,w = {cv,w)~^-, (1.1.8) 

and for any object V oi C 

Oy — {9v)~^,bv — dvcv,v*{0v ®idv*),dv = {idy* ® Ov^)cyy„hv) (1.1.9) 

A unitary modular category is a Hermitian modular category over C such that 
for any morphism / we have 

tr{fj) > (1.1.10) 

Suppose C is a strict unitary modular category with a set of simple Vi^i & I 
objects as above. When no confusion arises we will denote Vi simply by i and V* 
by i. 

We will use the following convention of [Tu], V^^ := V, •.= V*' . A graphical 
calculus is introduced in 1.1.6 of [Tu]. In this calculus, the dualities, braidings and 
twistings are represented by special diagrams called tangles. The braiding cv,w is 
represented by a positive crossing and Cy\^ is represented by a negative crossing 
(One usually follows a right-hand rule when drawing these crossings, cf. figure 
1.6 on Page 25 of [Tu]). A general morphism f : V ^ W which is not a tangle 
is represented by a diagram called a coupon. If a morphism is represented by a 
diagram, the closure of this morphism is simply obtained by closing all the free 
ends of the diagram (cf. Page 43 of [Tu] for a pictorial representation). For more 
details on this graphical calculus including proofs using these diagrams see 1.1.6 of 
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Suppose L is a framed oriented link in 3-shpere with n components colored by 
ii, ...,in. We will denote the corresponding invariant as defined on P. 39 of [Tu] by 
L{ii, in) & C . It is often convenient to represent L{ii, z„) as the closure of a 
tangle Tl which consists of only braidings and twists. Applying further braidings 
if necessary, we will assume that Tl G End{Iil2---In), where Ij := [f^jY^kj e 
N,j = l,...,n and = 1 (resp. Cj — —1) if the j-th component of L is oriented 
anti-clockwise ( resp. clockwise ). Recall from the above that = i. 

Define d{i) := tr{idi). Define (cf. P. 76 and P. 115 of [Tu]) Dc > (called rank 
of C) such that 

i 

Note since Vi is irreducible, the twist 6'y. must act on Vi as multiplication by a 
nonzero element uj{i) e C. Set (cf. Page 21 of [MW]) 

4 := Dc'Yl^^)d^f, 

i 

then 

D^'Yl^{i)-'d{i)'^k^\ (1.1.12) 

i 

Given a closed oriented 3-manifold Ml obtained by surgery on a framed oriented 
link L (with n components) in the 3-sphere. The 3-manifold invariant tc{Ml) is 
defined by the following formula 

tc{Ml) := kf^^"-^-'-^''^^ Y1 d{ti)...d{tn)L{h,...,in), (1.1.13) 

iiei,...,inei 

where b+{L) and b-{L) are the numbers of positive and negative eigenvalues of 
the linking matrix of L (this matrix includes the framings on the diagonal). The 
normalization of the invariant (1.11) differs from that of [Tu] but agrees [MW]. It 
is normalized so that it is multiplicative under connected summing; in particular 

rciS') = 1. 

For the constraints of unitarity on the invariants (1.1.13), see Page 224 of [Tu]. 

Representation theory of certain quantum groups at certain roots of unity pro- 
vides examples of unitary modular category (cf. Chap. XII of [Tu] and [W3]). In 
such examples the most difficult axioms to check are the non-degeneracy axioms 
and positivity (1.10) (cf. [W2], [W3] and [MW]). In §1.7 we wiU show that alge- 
braic coset conformal field theories as formulated in [XI] , [X3] provides a new class 
of unitary modular categories. 

§1.2 Sectors and Correspondences. Let us first recall some definitions from 
[LI] and [L2]. 

Let M, N be von Neumann algebras, that we always assume to have separable 
preduals, and H a M — N correspondence, namely H is a (separable) Hilbert space, 
where M acts on the left, N acts on the right and the actions are normal. 
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We denote by x^y, x e M, y e N, ^ e H the relative actions. 
The trivial M — M correspondence is the Hilbert space (M) with the standard 
actions given by the modular theory 

x^y^xJy^JC, x.yeM, ^ e L2(M) , 

where J is the modular conjugation of M; the unitary correspondence is well defined 
modulo unitary equivalence. 

If p is a normal homomorphism of M into M we let Hp be the Hilbert space 
L2(M) with actions: x ■ ^-y = p{x) ■ C ■ y, x e M , y e M , ^ e L'^{M). Denote 
by End(M) the semigroup of the endomorphism of M and Corr(M) the set of all 
M — M correspondences. The following proposition is proved in [L2] (Corollary 2.2 
in [L2], also cf. [C]). 

Proposition 1.1.1. Let M be an infinite factor. There exists a bijection between 

the unitary equivalence classes of End(M) and the unitary equivalence classes of 
Corr(M), i.e., given p, p' G End(M), Hp is unitarily equivalent to Hpi iff there 
exists a unitary u & M with p'{x) = up{x)u* . 

Let Sect(M) denote the quotient of End(M) modulo unitary equivalence in M 
as in Proposition 1.1. We call sectors the elements of the semigroup Sect(M); if 
p e End(M) we denote by [p\ its class in Sect(M). By Proposition 2.2 Sect(M) 
may be naturally identified with Corr(M)~ the quotient of Corr(M) modulo unitary 
equivalence. It follows from [LI] and [L2] that Sect(M), with M a properly infinite 
(on Hilbert space H,) von Neumann algebra, is endowed with a natural involution 
9^9. The tensor product of correspondences correspond to the composition of 
sectors. 

Suppose p G End(M) is given together with a normal faithful conditional expec- 
tation e : M ^ p{M). We define a number de (possibly oo) such that (cf. [PP]) 

d~'^ := Max{A G [0, +oo)|e(m+) > Am+, Vm+ G M+} 

Now assume p G End(M) is given together with a normal faithful conditional 
expectation e : M — > p{M), and assume d^ < +00. We define 

d = Mm,{d,}. 

d is called the statistical dimension of p. It is clear from the definition that the 
statistical dimension of p depends only on the unitary equivalence classes of p. We 
will denote the statistical dimension of p by d{p) (In [X4] it is denoted by dp, here 
we choose d{p) to avoid the confusion with the duality dy in (1.1.5)). d{p)^ is called 
the minimal index of p. 

The properties of the statistical dimension can be found in [LI], [L2] , [L3] and 
[K]. 

Denote by Secto(M) those elements of Sect(M) with finite statistical dimensions. 
For A, G Secto(M), let Hom(A, p) denote the space of intertwiners from A to p, i.e. 
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a e Hom(A, n) iff a\{x) = ii{x)a for any x G M. Hom(A, //) is a finite dimensional 
vector space and we use (A, yn) to denote the dimension of this space. (A, /i) depends 
only on [A] and [/i]. Moreover we have {uX, fi) = (A, z//i), (z/A, |u) = (A, |UA) which 
follows from Frobenius duality (See [L2] or [Y]). We will also use the following 
notations: if /x is a subsector of A, we will write as /x -< A or A >- Recall (cf. [L2]) 
for each p e End(M) and its conjugate p with finite minimal index, there exists 
Rp e B.om{id, pp) and Rp e Hom(z(i, pp) such that 

R;p{Rp) = 1, Rlp{Rp) = 1 

\\Rp\\ = \\Rp\\ = ^ (1.2.1) 

The choice of Rp, Rp above is unique up to a phase only if p is irreducible. However 
the minimal left inverse 0p of p defined by 

0p(m) = R*pp{m)Rp 

is unique and depends only one p. 
Recall from [L3] that 

For any / e End{p), it is convenient to define an unnormalized trace as 

trpif) := dip)Mf). 
and this indeed satisfies tracial properties due to the following: 
Lemma 1.2.1. If f & Ho'm{p, p), g e Hom{p, p), then 

trp{gf) = tr^ifg). 

Proof. First assume that p is irreducible. We can assume p is a, subsector of p since 
otherwise f = 0, g = and the lemma holds trivially. Choose hi G Hom{p, p) such 
that h*hj = 5ijidf„J2-hih* = idp. Then g = Y^ihiKgJ = Y^ifhih*. Note that 
h^g,fhi e End{p), and therefore are complex numbers since p is assumed to be 
irreducible. Also note by [L2] we have trp{hih*) = d{p). We have 

trp{gf)^trp{Y^h,h*gfhjh;) 
= ^^hlgfhjtrpihihj) 
= Y,Kgfh,tTp{h,hl) 

i 

= K9fhid{p) 

i 

= ir^{fhih*hjhj * g) 
= tr^{f9)- 
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If fi is not irreducible, let Hi be a set of irreducible subsectors of Tj e Hom{iJ,i, //) 
such that T*Tj = Sijidj,^-TiT* = id^. Note that T*f e Hom{p,i^i),gTi e 
Hom{iJ,i, p). By the previous argument we have 

trp{gT,T:f) = tr^,{T:fgT,) = d{ii,)T: fgT,. 

So 

irp(^/) = tr,(5^^T,i;*T,T;/) 
= J2tr,{gTXf) 

i 

= d{lJ.i)T* f gTi 
^J2tr^{T,T;)T:fgTj 

= tr^{gf). 

□ 

We will drop the subscript of tr in the following since it can always be recovered 
by tracing the domain of morphisms. 

§1.3 Conformal precosheaves on and superselection structures. In this 
section we recall the basic properties enjoyed by the family of the von Neumann 
algebras associated with a conformal Quantum Field Theory on S^. All the propo- 
sitions in this section and §1.3 are proved in [GLl]. 

By an interval in this section we shall always mean an open connected subset / 
of such that / and the interior /' of its complement are non-empty. We shall 
denote by X the set of intervals in . 

We shall denote by PSL{2, R) the group of conformal transformations on the 
complex plane that preserve the orientation and leave the unit circle 5"^ globally 
invariant. Denote by G the universal covering group of PSL{2, R). Notice that G 
is a simple Lie group and has a natural action on the unit circle S^. 

Denote by the (lifting to G of the) rotation by an angle 

A conformal precosheaf A of von Neumann algebras on the intervals of is a 
map 

I - A{I) 

from X to the von Neumann algebras on a Hilbert space H that verifies the following 
property: 

A. Isotony. If Ii, 1 2 are intervals and Ii C I2, then 



A{h) c Aih) . 
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B. Conformal invariance. There is a unitary representation U oi G (the 
universal covering group of PSL{2,TC)) on H such that 

U{g)A{I)U{gr = A{gI), geG, I el. 

C. Positivity of the energy. The generator of the rotation subgroup U{R){-) 
is positive. 

D. Locality. If Iq, I arc disjoint intervals then A{Io) and A{I) commute. 
The lattice symbol V will denote 'the von Neumann algebra generated by'. 

E. Existence of the vacuum. There exists a unit vector fl (vacuum vector) 
which is C/(G)-invariant and cyclic for \/i^xA{I). 

A conformal precosheaf is called irreducible if it also satisfies the following: 

F. Uniqueness of the vacuum (or irreducibility) . The only t/(G)-invariant 
vectors are the scalar multiples of O. 

By Prop. 1.1 of [GL] a conformal precosheaf satisfies Haag duality, i.e., A{iy = 

Ain 

A conformal precosheaf A is called strongly additive if it satisfies the following 
property: let Ii , I2 be the connected components of the interval / with one internal 
point removed, then 

A{I) = A{Ii)yA{l2), 

and A is called split if A{Ii) V A{l2) is naturally isomorphic to the tensor product 
of von Neumann algebras A{Ii) (S> A{l2) with Ii H I2 = 0. According to [KLM], 
A is called completely rational, shortly /i-rational, if A is strongly additive and the 
minimal index of the inclusion A{E) C A{E'y is finite, where E = /1U/2, Iir\l2 = 0. 
In this case the index of A{E) C A{E'y is called the ji-index of A, usually denoted 
by ^A- 

Let A be an irreducible conformal precosheaf of von Neumann algebras as defined 
above. Our next goal is to define covariant representation of A and the associated 
concepts which will be important later on. Again all the definitions and propositions 
are given in [GL] and we refer the reader to [GL] for further details . 

A covariant representation tt of ^ is a family of representations tt/ of the von 
Neumann algebras A{I) , / G X, on a Hilbert space Tiyr and a unitary representation 
C/tt of the covering group G of PS'L(2,R), with positive energy, i.e. the generator 
of the rotation unitary subgroup has positive generator, such that the following 
properties hold: 

/ D / ^ TTj U(/)= HI (isotony) 
adC/7r(5') ■ TT/ = Tigi ■ adf/ (5f)(covariance) . 

A unitary equivalence class of representations of A is called a supers election sector. 

Assuming Ti..,^ to be separable, the representations ttj are normal because the 
^(/)'s are factors . Therefore for any given Iq, tt// is unitarily equivalent id^(/^) 
because A{Iq) is a type III factor. By identifying TYtt and Ti, we can thus assume 
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that TT is localized in a given interval Iq e X, i.e. tt/^ = id_4(/^) . By Haag duality we 
then have 7ri{A{I)) C A{I) if / D Iq- In other words, given /q G X we can choose 
in the same sector of tt a localized endomorphism with localization support in Iq, 
namely a representation p equivalent to tt such that 

I el,l D Iq ^ pi e End A{I) , pi^ - id/^ . 

To capture the global point of view we may consider the universal algebra C*{A). 
Recall that C*{A) is a C*-algebra canonically associated with the precosheaf A 
(see [Fre]). C*{A) has the following properties: there are injective embeddings lj : 
A{I) — > C*{A) so that the local von Neumann algebras A{I), I El, are identified 
with subalgebras of C*{A) and generate all together a dense *-subalgebra of C*{A), 
and every representation of the precosheaf A factors through a representation of 
C* [A] . Conversely any representation of C* {A) restricts to a representation of A. 
The vacuum representation ttq of C* {A) corresponds to the identity representation 
of A on 7^, thus TTo acts identically on the local von Neumann algebras. We shall 
often drop the symbols i/ and ttq when no confusion arises. 

By the universality property, for each g G PSL{2, R) the isomorphism a.dU{g) : 
A(I) —>■ A{gl), / G X lifts to an automorphism ag of C*{ A). We shall lift the map 
g ag to a, representation, still denoted by a, of the universal covering group G 
of PSL{2, R) by automorphisms of C*{A). 

The covariance property for an endomorphism p of C* (A) localized in Iq means 
that ag ■ p ■ ocg-i is 

a,dzp{g)* ■ p^ag- p- ag-i g eG 

for a suitable unitary Zp{g) G C*{A). We define 

Pg = ag-p-ag-i ,5'GG. 

Pgj is the restriction of pg to A{J). The map g — > Zp{g) can be chosen to be a 
localized a-cocycle, i.e. 

Zp{g) G A{Io U glo) Wg e G : IqU glo e I 
Zp{gh) = Zp{g)ag{zp{h)) , g,heG. 

To compare with the result of [FG] , let us define: 

rp(^) = 7ro(^p(^)*). 

This notation will be used in §1.4. 

An endomorphism of C* [A) localized in an interval Iq is said to have finite index 
if p/(= p\a{i)) has finite index, Iq (Z I . The index is independent of / due to the 
following (See Prop. 2.1 of [GLl]) 
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1.3.1 Proposition. Let p he an endomorphism localized in the interval Iq. Then 
the index\n.d{p) := Ind(p/), the minimal index of pi, does not depend on the interval 

The following proposition is Prop. 2.2 of [GLl]: 

1.3.2 Proposition. Let p he a covariant (not necessarily irreducihle) endomor- 
phism with finite index. Then the representation Up descrihed hefore is unique. In 
particular, any irreducihle component of p is a covariant endomorphism. 

By the above proposition the univalence of an endomorphism p is well defined 

by 

u{p) = Up{27r), 

since Up'{g) :— t:q{u)U p{g)nQ{u)* , where p'{-) := up{-)u* , u e C*{A), uj{p) depends 
only on the superselection class of p. 

When p is irreducible, uj{p) is a complex number of modulus one since by defini- 
tion a;(p) belongs to 7r(C*(^))' and p is irreducible, and we have 

oj{p) = e'^""'^" 

with Ap the lowest weight of Up. Ap is also referred to as conformal dimension. 
Formulas for certain conformal dimensions may be found in (1.5.10). 

Let pi, p2 be endomorphisms of an algebra B. Recall from §1.1 that their inter- 
twiner space is defined by 

Hom(pi, p2) = {TeB: p2{x)T = Tpi{x), x e B}. 

In case B = C*{A), pi localized in the interval U and T G (pi, P2), then 7ro(T) is an 
intertwiner between the representations ttq • Pi. If / D /i U /2, then by Haag duality 
its embedding i/ • 7ro(T) is still an intertwiner in (pi, P2) and a local operator. We 
shall denote by (pi,p2)/ the space of such local intertwiners 

(pi,P2)/ = (pi,P2)n^(/). 

If /i and I2 are disjoint, we may cover /i U/2 by an interval / in two ways: we adopt 
the convention that, unless otherwise specified, a local intertwiner is an element of 
(pi, P2)i where I2 follows Ii inside / in the clockwise sense. 

We now define the statistics. Given the endomorphism p of ^ localized in / G X, 
choose an equivalent endomorphism po localized in an interval /q G X with loHl — 
and let m be a local intertwiner in (p, po) as above, namely u G (p, po) / with Iq 
following clockwise / inside /. 

The statistics operator a := u* p{u) = u*pf{u) belongs to (p'j^p^). Recall that if 
p is an endomorphism of a C*-algebra B, a left inverse of p is a completely positive 
map (f) from B to itself such that • p = id. 
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It follows from Cor. 2. 12 of [GL] that there exists a unique left inverse ^ of p and 
that the statistics parameter 

Xp := (j){a) 

depends only on the sector of p. 

By [GL] The statistical dimension d{p) are given by 

dip) = \K\-' 
and the statistics phase defined by 




In [GLl], the following theorem is proved: 

Theorem 1.3.3 (Spin-Statistics Theorem). 

If p is irreducible and has finite index, then Kp = Ul>{p). 

We shall need the following easy corollary. 

Corollary 1.3.4. Assume that p has finite index. Then d{p)Xp is a constant a 
times identity if and only if for any irreducible subsector x of p, lo{x) = a. 

Proof Ad (1). By Prop. 6.3 of [DHR] (also cf. [LI]) we have 

d{p)Xp = dxXxEx = KxEx, 

X X 

where the summation is over all different irreducible subsectors x of p, and -E^ is 
the minimal abelian projection in End{p) corresponding to x. By the spin-statistics 
theorem we have 

d{p)Xp = ^uj{x)Ex, 

X 

and (1) follows immediately. 

□ 

1.4 Coherence equations. 

In this section, we assume A is a set of localized covairant endomorphism of A 
with localization support in Iq. Let /i, g be elements of G. We assume HIq H/o = 0, 
glof^Io = 0, hloHglo = 0. Choose Ji, J2 e Tsuch that JiU J2 C 5"^ Ji D loUg.Io, 
J2 Z) /q U h.Io, Ji n h.Io = 0, J2 n g.Io = and Ji fl J2 = Iq- We assume in Ji (resp. 
J2), g.Io (resp. H.Iq) lies a clockwise (resp. anti clockwise) from Iq. The proofs of 
all the results of this section can be found in §1.4 of [X4]. 
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Lemma 1.4.1. For any </ D Ji U J2, J G X, 7, A e A and x e A{J), we have 

(0) rx{9)eA{Ji). 

(1) rx{9rijA^x{9)hj ■ Xj{x) = Xj ■-fjix)Tx{grij,{rx{g). 

(2) r^igr^j^FM) = Xj,{r^{hr)T^{h) 

(3) r^(^)*7j,(rA(^))e^(/o). 

Because the property (1) of Lemma 1.4.1, T \{g)*^j^{T x{g)) is called the braiding 
operator. 

We shall use a^x to denote rx{g)*jjj^(rx{g))- cr^x will be called the positive 
braiding operator between 7 and A. We define 

and a^x will be called the negative braiding operator between 7 and A. We are now 
ready to state the following equations. For simplicity we will drop the subscript Iq 
and write /x/q as for any G A in the following. 

Proposition 1.4.2. (1) Yang- Baxter- Equation (YBE) 

(7y,'yll{(TX'i)(7\^ = l{(^Xix)(^\'yX{ai^y) . 

(2) Braiding- Fusion- Equation (BEE) 
For any w G Hom(//75) 

axdX{w) = wfi{ax^)crxf^ (a) 
asxw = X{w)a^xlJ'{(^jx) ■ (b) 
(^lxX{w) = w^{a*^)a*^x (c) 

Suppose ^1 G C Ji, % n gh n Ii = 0, ^2 G I^^ C J2, and I^^ nhn h.h = 0. 
Here g, h, Ji, J2 arc defined as the beginning of this section. 
It follows from (2) of Lemma 1.4.1 that: 

7,c^ iTxig)rTx{g) = ^j,{Tx{hr)Tx{h) = ax^ . 

Hence axjcrj,x = 7/|^ (^xigThii^C^xig))- 
o'X'yO''y,x is Called the monodromy operator. 

Let Tg : 5 — > 7A be an intertwiner. Recall oj{p) = Up{27i) is the univalence of 
a covariant endomorphism. When p is irreducible, uj{p) is a complex number. We 
have: 

Proposition 1.4.3(monodromy equation). If uj{5), oj{X) are complex 

numbers, then 

T:in (J^x[gr)ln (rx{g))T, = T:<Jx,<J,xTe - "^^^^ 



^,,v--v^/ ,M,^v-.v^..-e ^e-.7-7-- a;(AV(7) 
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1.5 Genus and 1 modular matrices. Next we will recall some of the results 
of [Reh] (also cf. [FRS]) and introduce notations. 

Let [pi] denote the equivalence classes of irreducible superselection 
sectors in a finite set. Suppose this set is closed under conjugation and compo- 
sition. We will denote the conjugate of [pi] by [pj] and identity sector by [1] if no 
confusion arises, and let N^j — ([pi][pj], [pk])- The algebra generated by [pi]'s will 
be called fusion rule algebra and A^^^- will be referred to as fusion coefficients. We 
will denote by {Tg} a basis of isometrics in B.om{ pk, pip j)- Recall from §1.3 the 
univalence of pi is denoted by ujp^. Let 0, be the unique minimal left inverse of pi, 
define: 

Yij -.^ dp^dp^(t)j{ap^p^ap^p.)\ (1.5.0) 

where CTp.p^ is the unitary braiding operator defined in §1.4. 

We list two properties of Yij (cf. (5.13), (5.14) of [Reh]) which will be used later: 

Yij = Yji = y.J = l^j, a;(z) = u^) (1.5.1) 

Y., = j:Nt,^dp, (1.5.2) 
k 

Define := d'^.u~\ If the matrix (Yij) is invertible, by proposition on P.351 

of [Reh] D- satisfies l-D-P = Si^^p- Suppose D- — \D-\exp{ix),x e M. Define 
matrices 

S := \D_\-'^Y,T := CDiag{u;p.), (1.5.3) 
where C := exp(i|). Then these matrices satisfy the algebra: 

SS^ = TT^ = id, (1.5.4) 
TSTST = S, (1.5.5) 
S'^ = C,TC = CT = T, (1.5.6) 

where Cij = 5^ is the conjugation matrix. Moreover 

(1.5.7) is known as Verlinde formula. 

We will refer the S,T matrices as defined in (1.5.3) as genus modular ma- 
trices since they are constructed from the fusions rules, monodromies and minimal 
indices which can be thought as genus data associated to a Conformal Field The- 
ory (cf. [MS]). 

Now let us consider an example which verifies (1.5.1) to (1.5.7) above. Let 
G = SU{N). We denote LG the group of smooth maps f : ^ G under point- 
wise multiplication. The diffeomorphism group of the circle Diff5'^ is naturally a 
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subgroup of Aut(LG) with the action given by reparametrization. In particular the 
group of rotations Rots' -"^ ~ U (1) acts on LG. We will be interested in the projective 
unitary representation tt : LG — > U{H) that are both irreducible and have positive 
energy. This means that ir should extend to LG x Rot so that H = (Bn>oH(n), 
where the H{n) are the eigenspace for the action of RotS^, i.e., r^^ = exp*"^^ for 
e e H{n) and dim H{n) < oo with H{0) ^ 0. It follows from [PS] that for fixed 
level k which is a positive integer, there are only finite number of such irreducible 
representations indexed by the finite set 



^ i=l,---,N-l i=l,— ,n-l ^ 



where P is the weight lattice of SU{N) and are the fundamental weights and 
h = N + k. Elements of are also denoted by (Ai, Ajv-i). We will use 1 
to denote the representation corresponding to (1, !,...,!), referred to as vacuum 
representation . For X, & define 



Sid 

++ 



where Sxs is given by the Kac-Peterson formula: 

Sxs = c ^2 exp(zt(;(5) • A27r/n). (1.5.9) 

w£Sn 

Here = det{w) and c is a normalization constant fixed by the requirement that 
(Sxs) is an orthonormal system. It is shown in [Kac] P.288 that N^^ are non- 
negative integers. Moreover, define Gr{CK) to be the ring whose basis are elements 
of -P-f^ with structure constants N^^. The natural involution * on is defined 
by A I— > A* = the conjugate of A as representation of SU{N). 

The irreducible positive energy representations of LSU{N) at level K give rise to 
an irreducible conformal precosheaf Ac and its covariant representations (cf. P. 362 
of [XI]). Let us recall how Aq is defined. Let tt*^ be the vacuum representation of LG 
on Hilbert space H^. Then Ag{I) := n^{LiG)", where n^{LiG)" denote the von 
Neumann algebra generated by all elements of the form tt^{x),x e LG,x — eon/"^ 
with e the identity element of G. 

This conformal precosheaf is strongly additive, split (cf. [Wa]) and //-rational (cf. 
[X7]). The unitary equivalent classes of such representations are the superselection 
sectors. We will use A to denote such representations. 

For A irreducible, the univalence u>x is given by an explicit formula . Let us first 
define 

A. = ^ (1.5.10) 
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where C2(A) is the value of Casimir operator on representation of SU (N) labeled by 
dominant weight A (cf. 1.4.1 of [KW]). A\ is usually called the conformal dimension. 

We have lvx = ex.p{2TTiAx). Note that ux = oj^. 

Define the central charge (cf. 1.4.2 of [KW]) 

Mim(G) 

^ K+N ^ ' 

and T matrix as 

T = diag{Cjx), (1.5.12) 

where Cjx = toxexp{ "^24'"'^ )■ -^^ Th.13.8 of [Kac] 5" matrix as defined in (1.5.9) and 
T matrix in (1.5.12) satisfy relation (1.5.4), (1.5.5) and (1.5.6). Since S,T matrix 
defined in (1.5.8) and (1.5.11) are related to the modular properties of characters 
which are related to Genus 1 data of CFT (cf. [MS]), we shall call them genus 1 
modular matrices. 

By Cor.l in §34 of [Wa], The fusion ring generated by all A G is isomorphic 

to Gr{CK), with structure constants N^^ as defined in (1.5.8). One may therefore 
ask what are the Y matrix (cf. (1.5.0)) in this case. By using (1.5.2) and the 
formula for N^^, a simple calculation shows: 

^ _ Sxfj. 

and it follows that Yx^ is nondegenerate, and S, T matrices as defined in (1.5.3) are 
indeed the same S,T matrix defined in (1.5.8) and (1.5.11), which is a surprising 
fact. This fact is referred to as genus modular matrices coincide with genus 1 

modular matrices. 

The fusion coefficient for Nj^^^ takes a particular simple form when v 2Ai + 
A2 + ... + Ajv-i corresponds to the defining representation of SU{N). Represent A 
by (Ai, Ajv-i), we have 

^;A = (Ai + 1, A2, Xn-i) + (Ai - 1, A2 + 1, Ajv-i) + ...+ 

(Ai, A2, Xn-2 - 1, Xn-1 + 1) (1.5.13) 

where on the righthand side if a weight is not in -P^_|_ it is defined to be 0. 

Lemma 1.5.1. Denote by v := 2Ai + A2 + ... + Ajv-i, = Ai + ... + 2Aj + ... + 

Aiv-i, Si = {i + l)Ai + A2 + ... + A7v-i,i = 1, ...,iV - 1. Then: 

(1) [oi] appears once and only once in [f *] . All other subsectors except [ai] and 
[si] appear with multiplicity at least 2. 

(2) If A is a map from the set P^^. to itself, and 

Sa{\)A{^i) = Sx,j,,yX,f^ e P^^., 
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and A{ai) = ai^i = 1, N — 1, then A = id. 

Proof. Ad (1). When k — 1 the fusion ring is isomorphic to and (1) is trivial. 
Let us assume that k > 2. Let us prove a hghtly stronger statement by induction 
on i. The statement is that for any z = 1, N — 1, (1) is true and in addition the 
subsectors of [aj_if] :— [ai] + [bi] appear ([ao] = [id]) in [if], and if [sj] appears in 
[f*], then the subsectors of [si-it;] := [si] + [ci] {[sq] = [id]) appear in [v^]. When 
i = 1 the statement is trivial. Assume it is proved for 1 < z < — 2, let us prove it 
for i + 1. Note that denote by [aiv] := [a^+i] + then [biv] >- bi+i by (1.5.13) , 

and similarly if [sj+i] appears in [v*"''"'^], then [siv] := [si+i] + [ci+i], and [civ] >- ci+i. 
It is then easy to see by induction that the stronger statement as above is true for 
i + 1. By induction (1) is proved. 

Ad(2): By assumption and (1.5.8), we have N^j^^^^^^^ = N^^. It follows that a 
A[a) is a ring endomorphism of Gr{Ck)- Since a^, i = 1,2, N — 1 are generators 
of Gr{Ck) by §34 of [Wa] and A{ai) — ai,i — 1, ...,N — 1 by our assumption, it 
follows that A = id. 

□ 

1.6 Rationality and non-degeneracy of cosets. Let G be a simply connected 
compact Lie group and let C G be a Lie subgroup. Let tt* be an irreducible 
representations of LG with positive energy at level k as in the introduction. Suppose 
when restricting to LH, W decomposes as: 

a 

and tTq, are irreducible representations of LH on Hilbert space H^- The set of {i, a) 
which appears in the above decompositions will be denoted by exp. 

Let Ag/h be the Vacuum Sector of the coset G/H as defined on Page 5 of [X4]. 
Let us recall how Ag/h is defined. Let 7r° be the vacuum representation of LG on 
Hilbert space Then Ag/h{I) is naturally isomorphic to 'k^{LiH)' r\'K^{LiG)" , 
where for any algebra A C B{H^), A' is defined to be its commutant. The coset 
H C Gk is called cofinite if the inclusion 

{-k'^{LiH)") V {n^LiH)' mr'^iLiG)") C 7t^{LiG)" 

has finite index and the square root of its minimal index will be denoted by d{G/H) 
(cf. §3 of [XI]). All the cosets considered in this paper are cofinite. 

The decompositions above naturally give rise to a class of covariant representa- 
tions of Ag/H: denoted by yr^^a or simply {i,a) on Hilbert space Hi^ct- Note that 
on Hi^cn the rotation group acts as e*^ — > e*^^'^*"'^"^ by the nature of coset con- 
struction (cf. [GKO]), and hence for any irreducible sector of (z, a), its uni valence 
is 

e2-(^»-^«)=a;(i)a;(a)-\ 
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hence the sector {i,a) has a uniform univalence with univalence u{i)uj{a) ^ (of. 
definition in §1.7 before Cor. 1.7.3). 

In [X4], certain rationahty results (cf. Th. 4.2) arc proved for a class of coset 
H G G. A stronger rationality condition, ;U-rational is defined in §1.3. We will give 
a formula of //-index for the coset in (1.6.2). We will see in the following /x-index is 
the square of the rank of certain unitary modular category. 

We have: 

Lemma 1.6. Suppose H C Gk is cofinite and the conformal precosheaf associated 
with H and G are /i-rational. Then the coset conformal precosheaf has finite /i- 
index. Moreover its fi-index (denoted by Hg/h) is given by 

d{G/HYiiG 

IJ'H 

where d{G/H) is the cofinite statistical dimension defined above, and ^GjI^h Oif^ 
li-index of the conformal precosheaf associated with G and H respectively. 

This lemma is proved in [X3] . 

Throughout this section and the rest of the paper, we assume that the vacuun 
sectors associated with iif, G are /x-rational , and H C G is cofinite (cf. §3 of 
[XI]). By the above lemma and Cor. 9 of [KLM] [KLM], the set of irreducible 
superselection sectors of the coset is finite, and by Cor. 3.2 of [X3], every such 
irreducible sector appears as an irreducible subsector of some (j, (3) G exp. Moreover 
the y-matrix as defined in §2.1 is non-degenerate by Prop. 2.4 of [X3]. We will 
see in the next section that this is the non-degeneracy condition of certain unitary 
modular category. 

Let us give a formula for fJ,G/H ^ promised. It follows by Prop. 2.4 of [X3] that 

/^G/// = ^c^(^)', (1-6.2) 

X 

where the summation is over all the different irreducible sectors x which appears as 
irreducible sectors of some (j, /3) e exp. 

1.7 Unitary modular category from cosets. Fix a proper interval Iq C S^, 
and let A be the conformal precosheaf on S^. Define M := A{Io). Suppose a set of 
covariant representations pi,i E I of A , localized on Iq are given {pi can be thought 
as an element in End{M)). We will assume that there is an involution z — > z on / 
and there is a distinguished element G / so that 

[Pi] = [p^],Po = ^rf,0 = 0. (1.7.0) 

Recall from §1.2.1 that for each pj G End and its conjugate there exists 
Rp^ G B.om{id, piPi) and Rp^ G Hom(z(i, Pip^) such that 

^;^p,(i?,j = i,i?>j(^p) = i 



(1.6.1) 
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and ll-RpJI = ll-RpJI = \J (^Pi- The choice of the pair {Rp.,Rp.) is not unique even 
up to a phase unless pi is irreducible, but we fix a choice for each i e I. We will see 
later that the invariants wc arc interested in are independent of such choices (cf. 
(4) of Lemma 1.7.4.). We will also choose the pairs {Rp^,Rp^)i^I so that 

Rpj = -Rp . , Rp . = Rp^ . 

Recall the minimal left inverse 0p. of pi is defined by 

(/)p.(m) = R*p.pj(m)Rp,. 

Let us start to define a category denoted by C{A) from pi,i G / subject to 
(1.7.0). The objects of C{A) are defined to be any finite compositions of pi,i G /, 
considered as elements in End{M). The homorphisms are defined as intertwinners 
as in §1.2 . The tensor product of two objects V, G C{A) are defined by 

v®w -.^ vw 

where VW{m) := V(VF(m)),Vm G M, i.e., VW stands for the composition of 
endomorphism V with endomorphism W. We have omitted the usual • when no 
confusion arises. Now let / G Hom{Vi, V2),g G Hom{Wi, W2), then 

f®9:= fVi{g). 

Note this definition makes sense since Vi G End{M), g G M. It is then easy to see 
that C{A) is a strict abelian monoidal category. The braidings cy^p^, VA,// G C{A) 
are defined to be ayw as in the beginning of §1.4. Note that (1.1.1), (1.1.2) follows 
immediately from Prop. 1.4.2 . 

Next we define duality. For each pi, we define 

bpi := Rpi,dp^ := R*.. 

To save some writing we shall use i to denote pi in the following. So pi-^pi^...pi^ can 
be writen as iii2...in- For any objects iii2...in we define 

{iii2---in)* ■= in-'-hh, 

and define 
and 

di'ii2...in •~ '^n^n— 1 •••'^2 (c^ii )^n^n— 1 •••'^3('^i2 ) • 

For each object 1112- ■ -in G C{A) and / G End{iii2...in) we define unnormalized 
trace of / as in §1.2: 



tr{f) := d{in)...d{h)M4>n-i{-{Mf))-)) (1-7.1) 
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where 0fc is the unique minimal left inverse of Pij.,A; = l,...,n, and d{ik) is the 
statistical dimension of pi^^k = 1, ...,n. Note that (1.7.1) can be also written as 

tr{f) := di^...di^4>i^.„i^{f) 

where is the unique minimal left inverse of ii...in since by §1.2 = 

(Pn4>n-1—4>1- 

Next let us define twist: 

Denote by Oy := V {h*y)cv,vV {hy) ■ 

Finally note that for any morphisms f -.U iiv C{A), f is an element of von 
Neumann algebar M. The conjugation of / is defined to be /* : F — > U. 

Let us first note the following lemma which follows immediately from the defini- 
tions: 

Lemma 1.7.1. For the category C{A) defined above, we have: 

(1) . (1.1.1) and (1.1.2) are true; 

(2) . (1.1.8) is true, i.e., 

(3) . (1.1.5) is true. 

Proof. Ad (1): (1.1), (1.2) follows immediately from Prop. 1.4.2 of §1.4; (2) follows 
from Page 244 of [LI]. (3) follows from definitions and (1.2.1). 

□ 

Lemma 1.7.2. (1). (1.1.3) is true (note by our definition dy ® Ow '■= Vi^w)) , 
i.e., 

9vw = cw,vcv,wdvV {9w)'i 

dvw = cw,vcv,wdvV {9w)'i 

(3). 9v — Oy if and only if — Op^; 

(4) . dv = if and only if (1.1.6) is true; 

(5) . dp^ = 9p^ = Ciidp^ if and only if for any irreducible subsector x of pi, the 
univalence of x is equal to Ci. 

Proof Ad (1): By Prop. 1.4.2 cvw,vw = V(cv,w)V'^icw,w)cv,vV(cw,v), and so 
d{V)(j)v{cvw,vw) — cv,wV icw,w)Ovcw,v ■ 

By using Braiding-Fusion-Equation of Prop. 1.4.2 and the fact that ciy = id we 
have 

9vcw,v = cw,vW{9v), Owcv,w = cv,wVi9w), 
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and by Yang-Baxter equation 

cv,wV {cw,w)cw,v = W{cw,v)cw,wW{cv,w) 

and so 

6vw = d{V)d{W)(f)w(f>v{cvw,vw) 

= d{W)(l)w{cv,wV{cw,w)Ovcw,v) 

= d(W)(f)wicv,wV(cw,w)cw,vW(9v)) 

= d{W)(l>w{W{cw,v)cw,wW{cv,w)W{ev)) 

= cw,vOwcv,wdv 

= cw,vcv,wV{9w)0v 

= cw,vCv,w0vV{9w) 

which is (1). (2) is proved in similar way. (3) follows from (1), (2) and the con- 
struction of C{A). §1.2. Ad (4): By BFE of Prop. 1.4.2 and (1.1.5) 

ey=Vib*y)ViCy\..)bv 

= V{b*y)V{cy\,.)bvVV*{bvV{dv)) 
= Vib*y)Vicy\..)VV*ibvVidv))bv 
= V{dv)V{b*y)V\cv*,v*)V{bv)bv 
= V{dv)V{ev*)bv. 

Hence 9v — dv is equivalent to 

V{dv)V{dv*)bv = Ov, 
and multiplied both sides on the right by bvi using 

V{dv)V{9v*)bvbv = V{dv)V{ev*)VV*{bv)bv = V{dv)VV*{bv)V{ev*)bv 
and (1.1.5) we get 

V{ev')bv = Ovbv, 

which is (1.1.6). The other direction is similar. 

Ad (5): Suppose 9p^ = 9p^ = Ciidp^. By Cor. 1.3.2 the univalence of x must 
be Cj. Now suppose the univalence of any irreducible subsector x of pi is the same 
constant q. By Cor. 1.3.2, 9p^ = Ciidp^, so we just have to show that ^p^ = 9p^ to 
finish the proof. By (4) this is equivalent to show that 



24 



FENG XU 



and by Cor. 1.3.2 again it is sufficient to show that for any irreducible subsector 
y of [pi\ = [pi], the univalence of y is which foUows from the third equation in 
(1.5.1). 

□ 

For convenience we shall say that pi has a uniform univalence if for any irreducible 
subsector x of pi, the univalence of x is equal to a constant Ci which depends only 
on Pi, and in this case we will define exp(27riAp.) := Cj. Note that any irreducible 
endomorphism has a uniform univalence. 

Corollary 1.7.3. (1): If each pi,i & I has a uniform valence, then the trace defined 
in (1.7.1) agrees with (1.1.7), and the category C{A) is an abelian unitary ribbon 
category; 

(2): If the set {pi,i G /} contains a finite family {Vj,j G J} of simple objects 
satisfying the four defining axioms of modular category in ^1.1, then C{A) is a 
unitary modular category. 

Proof. Ad (1): Let us first prove the second equation in (1.1.9), i.e., 

by — dvcvy*0v- 
By (1.1.5) it is sufficient to show that 

dvcv,v*(^vy{dv) = 1- 
Note dvCvy*OvV{dy) — dvCv,v*V{dy)9v, and by Prop. 1.4.2 we have 

dvcv,v*V{dy) = By, 

and so 

dvcvy*{ev)vid*y) = e*yev = i. 

To prove the third equation in (1.1.9) dy = V*{9y^)cyl yby, by (1.1.5) it is 
sufficient to show that 

b*yV{V*{ey')Cy\ybv)^l, 

but 

b*yV(y%ey')Cy\ybv) = Oy^V {Cy\y)V {by) , 

b*yVicyly)Vibv) = Vib*y)cv,vVibv), 
hence it is enough to show that 

Vib*y)cv,vV{bv) = By, 

i.e., 9v = Ov, which is implied by (3), (5) of lemma 1.7.2 and our assumptions. 
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Now let US show that (1.7.1) agrees with (1.1.7). We need to check for any 
f:V^V, 

dvcv,v*9vfhv = dvV*{f)dy, 
and by (1.1.9) just proved, this is equivalent to 

h\,fhv = dvV*{f)d\,. 

Note by BFE and the last equation of (1.1.9) we have: 

h*vfhv = b*vCv*,vV*if)cylybv = dvY^Oy^ fOyWy, 

but the last expression is equal to dvV*{f)dy by the tracial property lemma 1.2.1. 
Finally we check (1.1.4), i.e., 

dvV*icv,v)d*yf = fduV*{cu,u)d*u 

for any f : U ^ V,U,V E C{A). By using the naturality of the braiding (1.1.1), 
(1.1.2), dvcv,vd*yf = dvV*{f)V*{cv,u)d*y, fducu,ud*u = rfc/t/*(cv^,c/)C/*(/)d^. 
Let fi :V* ^ U* be a homorphism such that 

U\f)dy = hdv. 

Note by (1.1.4) the above defines /i uniquely. In fact 

h = U*{h\j)U*{f)dtj. 

Using /i we have 

duU*icv,u)U*if)d*u = duU*{cv,u)hd*y = duhV*{cv,u)d*y, 
hence to prove (1.1.4) we just have to show 

dvV%f)^duh, 

or equivalently by using (1.1.5) 

U*{h\j)U*{f)d*u^dvV*{f)V*{hu). 

Denote by 

A := U*{h*y)U*{f)d*u,B := dyV* {f)V* {hu) . 
Using the fact that (1.7.1) agrees with (1.1.7) which is proved above, we have: 

tr{AA*) = tr{ff*) = tr{BB*), 
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and tr{AB*) = tr{BA*) = tr{f*f). But by lemma 1.2.1 we have tr{ff*) = tr{f*f), 
so 

tr{{A- B){A- B)*) = 0, 
and since tr is faithful, we have 

A = B, 

which completes the proof of (1.1.4). 

Finally (1.10) follows from the definition. 

So we have verified (1.1.1) to (1.1.6) and (1.1.9), (1.1.10) for C{A), which shows 
that C{A) is an abelian unitary ribbon category. 
(2) follows from (1) and definitions. 

□ 

Now suppose A is Ag/h, the conformal precosheaf associated the coset H G Gk 
as defined in §1.6. We will denote C{Ag/h) simply by C{G/H) in the following. Let 
us make a specific choice of pi,i & I. We will choose pj, * e / to be all the irreducible 
sectors of any (i, /3) G exp and also all G exp. Note by (2.3.1) if (j, /9) G exp, 

then (j, (3) G exp and [{j, 0)] = [(j, (3)]. Hence such a set verifies (1.7.0). Notice that 
for any {j, (3) G exp^ it has a uniform univalence which is equal to exp(27ri(Aj— A/j)) 
by §1.6. The reader may wonder why we include these (possibly reducible) sectors 
as our building blocks. The reason is that it is convenient to include these objects 
for the computations of invariants, cf. §3.4 and §3.6 below. 

Theorem A. If a coset H <Z Gk verifies the conditions of ^1.6, i.e., H C Gk is 

cofinite, and the conformal precosheaf associated with H and G are fi-rational, then 
the category C{G/H) constructed from the choices of pi,i G / above is a unitary 
modular category. 

Proof. The category C{G/H) is a unitary ribbon category by Cor. 1.7.3, so we just 
need to check axioms (l)-(4) in §1.1. Denote hy x,x & X the finite set of simple 
objects in C{G/H) obtained as irreducible subsectors of all (j, /9) G exp. Denote 
the identity sector in X by as in axiom (1). This set obviously satisfies axiom 
(1), and it satisfies axioms (2) and (3) since all irreducible sectors of the conformal 
precosheaf Aq/h appear in X by Cor. 3.2 of [X3]. To prove axiom (4), note that 
by definition (1.5.0) 

V — 'qTu 
^xy — ^xy 1 

and since the matrix {Yxy) is nondegenerate by §1.6, it follows that axiom (4) holds. 

□ 

We conjecture that all the cosets H C Gk satisfy the conditions of Theorem A. 
Infinite series of cosets which satisfy the conditions of Theorem A will be discussed 
in §3. For more such infinite series, see §3.1 of [X3] and §3.2 of [X2]. 

Note that if we take H\ = e to be a trivial group of G, then H\ C Gk is 
automatically cofinite, in fact the conformal precosheaf associated with Hi = {e} C 
G is simply the conformal precosheaf associated with G. So under the conditions 
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of Th. A, we have a unitary modular category associated G, denoted by C(G). 
Similarly we have unitary modular category associated H, denoted by C{H). Much 
of the rest of this paper focus on the relations between C{G/H) and the categories 
C{G) and C{H). 

Let us calculate Dc(g/h)i ^c(G/h)^ defined for any modular category in (1.11) 
and (1.12). We will write Dc{g/h), kc{G/H) simply as Dq/h, k^/H following. 
By comparing (1.6.2) and (1.1.11) we have 



^G/H — fJ'G/H 



and similarly Dq — hg, — hh, and by lemma 2.2 we have the following formula 



for Dg/h- 



By the remark after the proof of Prop. 3.1 in [X3] we have 

3 ^G 

^G/H = T3~ (1.7.3) 

where (resp. k^) is A;^^^) (resp. k^^jjs^) as defined in (1.12) for modular category 
C{G) (resp. C{H)). 

To calculate Dg, (or Dh, k^), let us assume that G = SU{N) (or H = SU{k)) 
even though the following argument works for any G which has the property that 
its genus modular matrix agrees with genus 1 modular matrix (cf. §1.5). By 
comparing (1.11), (1.5.0) and (1.5.9) we immediately have the following formula: 

Dg = ^ (1.7.4) 
and comparing (1.12), (1.5.3) and (1.5.12) we have the following: 

kh = exp(^) (1.7.5) 



where Cq the central charge as defined in (1.5.11). 
Define the central charge Cq /h of the coset by 

Cg/h ■■= Cg - Ch (1.7.6) 
It follows from (1.7.3) and (1.7.5) that 

"i/H = exp(^) (1.7.7) 

if H, G are of type A. 
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The following two lemmas will be useful in the calculation of framed oriented 
link invariants from C{G/H). Given a framed oriented link L with n compo- 
nents, colored by objects ii,...,in G C{G/H). The corresponding link invariants 
as given by Th. 1.2.5 of [Tu] will be denoted by L{ii, ...,in)- As in §1.1, suppose 
L(ii,...,i„) is represented by the closure of a tangle Tl G End{Iil2---In)i where 
Im ■= (^m')'^'"' /Cm^ G N, m = 1, ...,n and = 1 (resp. Sm — —1) if the m-th com- 
ponent of L is oriented anti-clockwise ( resp. clockwise ). Let jkil), 1 < ^ < f{k) be 
a set of susectors of ik, Tk{l) G Hom{jk{l),ik) such that 

I 

Let pk{l) := Tk{l)Tk{l)*. Then we have the following : 

Lemma 1.7.4. With the notations introduced above, we have 
(1) 

L{jl{ll),..MQ)=t<Pl{h)h{p2{l2))...hl2ln-l{Pn{ln))TLy, 

(2) 

XI L{ji{h),-jn{ln)) = L{ii,...,in); 

3l{h),---jn{ln) 

(3) If ji{h),--jn{ln) G C{G/H) such that [jm{lm)] = [im],'m = 1,2, ...,n, then 

L{ji{h), ■■■3n{ln)) = L{ii, -^in); 

(4) L{ii, are independent of the choices of (Rp^, Rp^)i^i in the construction 
ofC{G/H). 

Proof. Ad (1): The idea is to insert Tk{lk)*Tk{lk) = ■^^ifc(ifc) the k-ih. string of 
Tl colored by jkifk)- When we pull the coupon represented by Tkih)* clockwise 
around the fc-th component of L and approaches Tkifk) from below, we obtain the 
righthand side of (1) by the property of ribbon category. (2) follows from (1). (3) 
follows from (1) since Pm{lm) = '^di^. (4) follows since the tangle Tl consists of 
braidings and twistings only, and the closure of T^ arc given by minimal conditional 
expectations which are independent of the choices of {Rp^, Rp^)i^i (cf. §1.2). 

□ 

Now suppose given C{G/H). Let v be an object of C{G/H). We say that v is a, 
generator of C{G/H) if there exists a finite subset K C N such that any irreducible 
object of C{G/H), as a sector appears as a subsector of [f"^],m G K. Notice that 
there is a natural inclusion End{v^) C End{v^) ii I > k. Now suppose C{G/H) 
(resp. C{G\/ Hi)) arc given with generators v (resp. v\). We say that C{G/H) is 
compatible with G(Gi/Hi) if: 

(cl): V and vi are of the uniform uni valence; 
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(c2): there exists a sequence of trace-preserving *-isomorphisms V'fe '■ End{v^) —>■ 
End{vl),yk > 1 such that 

Mf) = Mf) ifl > Ki;k+iivif)) = viiMf)) V/ e Endiv'^); 

'ip2{Cv,v) = 'ip2{Cvi,vi); 

(c3): there exists a finite subset K cN such that the irreducible objects of C{G/H) 
{resp.C {Gi/ Hi)) , as sectors are in one-to-one correspondence with the irreducible 
subsectors of [v"^], m & K (resp. [v^], m e K), i.e., 

([v"*], [v"^']) = 0, if m 7^ m', m, m' e 

and the set of irreducible subsectors of [v'^],m G K (resp. [t;!"],??! G K) are the 
same as the set of irreducible objects of C{G/H) {resp.G{Gi/ Hi)) as sectors. 
Note that by definition the univalence of v is jp^jy, and by (c2) 

tr(cy^y) = tr{cy^^yj,tr{idy) = tr{idy^), 

so if C{G/ H) and C{Gi/ Hi) are compatible then v and vi have the same univalence. 
We can therefore add to (cl) that v and vi have the same univalence. 

Let Pi G End{v"^^),i G /, G K be the set of minimal projections corre- 
sponding to the set of irreducible objects (denoted by c{pi)) of C{G/H). Let 
Qi '■= V'mi(Pi), nii E K and c{qi) be the simple objects of CiGi/ Hi). 

Lemma 1.7.5. If C{G/H) and C{G\/Hi) are compatible, then with the notations 

above we have: 

(1) d{c{pi)) = d{c{qi)),uj{c{pi)) = uj{c{qi))- 

(2) Dg/h = DG^/H^;kG/H = koi/Hi; 

(3) tg/h{Ml) = tg,/hAMl). 

Proof. Ad (1): Note d{c{pi)) = tr{c{pi)),d{c{qi)) = tr{c{qi)) = tr{^mMPi))), 
so d{c{pi)) = d{c{qi)) since il)mi is tracc-prcscrving. By definition and naturality 
of the twist (cf. (1.1.4)) d{c{pi))uj{c{pi)) = tr{9c{pi)) = tr{6y-mip^) and similarly 
d{c{qi))uj{c{qi)) = tr{9^rniq-)^ so we just have to show ipmiOv^^i) = • By (1.1.3) 
9y^i (resp. 0^"^i) is a product of v^{cy^y)jj G N (resp. f-'(c„^^^j), j G N), their 
inverses, and the phase u{v)"^^ (resp. u>{vi)'^*), and it follows from (cl), (c2) and 
the remark after them that V'm(^D'^i) = ^y^i and (1) is proved. 
(2) follows from (1) and definitions. 

Ad (3): Let L be any framed oriented link with n component in S^, since 
tg/h{Ml) (resp. tg^///^(Ml)) is independent of the orientations of L, we can 
assume that L is represented by the closure of a tangle Tl with all the bands 
oriented downward. By (2), to prove (3) it is enough to show that for such L 



L(c(pi), c{pn)) = L{c{qi), c{qn)). 
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By (1) of lemma 1.7.4, with ii = v^^ , in = v'' 

where L*^ is the cabhng of L (cf. [W2]) with cabhng vector c = (mi, m2, ■■■mn). By- 
using the compatibihty conditions 

note 

= ... = v':^-'^+-+'^-^"'^-^{i;mM) 
by repeatedly using the compatibility conditions, and so we have 

L{cip^),...,c{pn))=triqiv^^^^{q2)...v''^^^+---+'-^-^ 
To finish the proof we just have to show that 

i^kimi + ...+kr,mr,{TLc{v,V, ...V)) = Tl^Vi, Vi, ...Vi) . 

Note that T^c consists of only twistings and braidings. So Tlc[v,v, ...v) up to a 
phase factor determined by the univalence of is equal to products of (c„,„) , j G N 
and their inverses. It follows from (cl) (c2) and the remark after them that 

1pnTn{TL-{v,V,...v)) = T^c (vi, Vi, ...Vi), 

and the proof is complete. 

□ 

§2. Factorization of link invariants 

The goal of this section is to calculate link invariants colored by G exp 

under the condition that d{{j,P)) = d{j)d{P). In [XI], [X2] the sectors of [{j,P)] 
are studied by using the idea of [X4]. But to calculate link invariants one needs to 
analyze the braiding properties of the system in [X4]. This is essentially done in 
[BE3], and ideas are also contained in the proof of lemma 3.3 on Page 384 of [X4]. 
We will use the notations of [XI] and [X4], and set up a dictionary in the following 
between our notations and that of [BEl] to [BE3] so the similarity of the argument 
is clear. 
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2.1 Preliminaries. In this section we sketch some of the results of [LR] which 
will be used in this paper. For the details of all the proofs , we refer the reader to 
[LR] . We have changed some of the notations in [LR] since they have been used to 
denote different objects in this paper. 

Let C M be an inclusion of type III von Neumann algebras on a Hilbert space 
H. Let (j) E H he a joint cyclic and separating vector (which always exists if N 
is type III and H is separable). Let Jn = Adjj^ and Jm = -^djM be the modular 
conjugations w.r.t.0 and the respective algebra. Then 

a = JnJmIm e End{M) 

maps M into a subalgebra of N. We call a the canonical endomorphism associated 
with the subfactor, and denote by 

Ni := 3n3m{M) cN,M cMi:^ 3m3n{N) 

the canonical extension resp. restriction. is again joint cyclic and separating for 
the new inclusions above, giving rise to new canonical endomorphisms (5 = JniJn G 
End{N) and ai — JmJMi £ End{Mi). 

We have the following formula for canonical endomorphism: (cf. Prop. 2. 9 of 
[LR]): 

Proposition 2.1.1. Let N (Z M be an inclusion of properly infinite factors, e : 
M ^ N a faithful normal conditional expectation, and cn & N' the associated 
Jones projection. The canonical endomorphism a : M ^ N is given by 

a = • $ 

where 

$(m) = UmU*{m e M) 

is the isomorphism of M into Nbn implemented by an isometry U e Mi = (M, ejv) 
with UU* = bn, and $ is the isomorphism of N with Nbn given by 

$(n) = neN{n G N). 

Every canonical endomorphism of M into N arises in this way. 

Definition: A net of von Neumann algebras over a partially ordered set J is 
an assignment M : i ^ Mi of von Neumann algebras on a Hilbert space io i & J 
which preserves the order relation, i.e.. Mi C Mk if i < k. A net of sub factors 
consists of two nets J\f and Ai such that for every i E J', C. Mi is an inclusion 
of subfactors. We simply write J\f C M.. The net A4 is called standard if there is 
a vector Q e H which is cyclic and separating for every Mj. The net of subfactors 
Af C M is called standard if M. is standard and J\f is standard on a subspace 
Hq C H with the same cyclic and separating vector e Hq. For a net of subfactors 
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C Al, let e be a consistent assignment z — > of normal conditional expectations. 
Consistency means that = ek\Mi whenever i < k. Then we call e a normal 
conditional expectation from Ai onto H . e is called standard, if it preserves the 
vector state u = (O, -O) 

If the index set J' is directed, i.e., for j,k E J' there is m G JT" with j, k < m, we 
associate with a net A4 of von Neumann algebras the inductive limit C* algabra 
{\J-^jMi)~ and denote it by the same symbol M.. Then we have (cf. Cor. 3. 3 of 

my- 

Proposition 2.1.2. Let M d M. he a directed standard net of subfactors (w.r.t. 
the vector Q. E H) over a directed set J , and e a standard conditional expectation. 
For every i E J there is an endomorphism a* of the C* algebra Ai into M such that 
a\Mj is a canonical endomorphism of Mj into Nj whenever i < j. Furthermore, a* 
acts trivially on M[ n H . As i E J varies to k, the corresponding endomorphisms 
CK* and are inner equivalent by a unitary in Ni whenever i,k < I 

If the index set J is directed, by Cor. 4. 2 of [LR] the index is constant in a 
directed standard net of subfactors with a standard conditional expectation. We 
have (cf. Cor. 4.3 of [LR]): 

Proposition 2.1.3. Let Af C A4 be a directed standard net of subfactors (w.r.t. 
the vector Q E H) over a directed set J , and e a standard conditional expectation. 
If the index d? = Ind(e) is finite, then 

for any i E J , there is an isomorphic intertwiner vi : id ^ a in Mj which 
satisfies the following identity with the isometric intertwiner wq : id ^ j3 (j3 := a\H) 
in Ni'. 

WqVi = d~^id = WQa{vi). 

a is given on Ai by the formula 

a{m) — d'^e{vimvi){m E Ai) 

Furthermore, every element in Ai is of the form nvi with n E Af, namely 

m = d^e(mvl)vi = d^Vie(vim). 

Now assume that two conformal precosheaf (cf. §1.3) N{I), M{I) are given, and 
use to denote the Hilbert space of the vacuume representation of M{I), and O E 
is the vacuum vector (uniquely determined up to a nonzero constant). Assume 
that there is a covariant representation 7r° of N[I) on such that 7t^{N{I)) C 
M{I), and moreover, fix any proper interval of S^., the net 7r^{N{I)) C M{I) for 
any / C J C 5'^ is a directed standard net of subfactors w.r.t. Q. An immediate 
corollary of the above proposition is the following: 

Lemma 2.1.4. Suppose the netT:^{N{I)) C M{I) has finite index. Then if N{I) 
is strongly additive, M{I) is also strongly additive. 

Proof. We need to show that if Ii , I2 are the connected components of an interval 
/ with one internal point removed, then 

M(/) cM(/i) VM(/2). 
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By the above proposition we can choose isometry vi G 7r'^(A^(/i)) such that any 
element of M(/) can be written as nvi for some n e 7r°(A^(/)). Since A'"(/) is 
strongly additive by our assumption, 7r°(Ar(/)) = 7r°(Ar(/i)) V7r°(iV(/2)) C M(/i) V 
M(/2), it follows that 

M{I) C M(/i) V M(/2) 

and the proof is complete. 

□ 

For the rest of this section, we assume that a net 7r'^(A^(/)) C M{I) as described 
before lemma 2.1.4 with finite index is given. By Prop. 2.1.1 and Prop. 2.1.3 
we have a canonical endomorphism : M{I) N{I) for any / D /q. Recall 
P^o .= a^o^]\i(^jy simplicity, we shall drop the labels and write a^°,P^° simply 
as q;,/3 in the following. Define M := N{Iq). 

Define U{'y, I) : — > Hq to be a unitary operator which commutes with the 
action of N{I) , where Hq denotes the Hilbert space of the vacuum representation 
TTo of N{I). Notice that such an operator always exists since 7r^\N{I) is equivalent 
to that of ttq. We shall think of t/(7, /) as an element of B{H^) by identifying Hq 
as a subspace of H^. Define: 0/ : B{H^) B{Hq) by 

= U{'y,I)mU{-f,I)*,me B{H^) 

As on Page 368 of [X4] a can be chosen to be: 

a{m)^<Pj\<Pig{m)). (2.1.1) 

For any a e N{I), define: 

7/(a) := (j)i/3(j)J^{a). 
Notice since (f)J^(N(I)) = tt^(N(I)), 7 is well defined. By using (2.1), we have: 

^i{a) ^ 4>is{4>7\a)) (2.1.2) 

which is precisely the definition of localized (localized on Iq) covariant endomor- 
phism associated with the representation if^ of M{I) . 

We shall denote 7/0 for the fixed interval Iq by 7. Notice 7 G End{M). 

Since /3|Af(7o) ^ canonical endomorphism, we can find pi G End{N [Iq)) such 
that: 

/5|jV(7o) = PiPi 

with pi{N{Iq)) C N{Iq) conjugate to N{Iq) C M{Iq). Moreover, 

Pi(Ar(/o)) = «(M(/o)) 
. RecaU M := N{Iq). Define p G End{M) by: 
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Anticipating the dictionary below, we denote by Jbe the locahzed covariant endo- 
morphism (locahzed on Iq) of M{I) on Hj^j^. Let us recall how Jbe is defined. Let 
U{j, I) : Hjgj^ be a unitary map which commutes with the action of LjG. 

Define: V/ : B{Hj^^) ^ by '^i{x) = U{j, I)xU{j, 1)* . Then Jbe is given 

by: 

jBE{m) = iJic{^Y\m)) (Vm e M(7)). 

Let 7j be the reducible representation of A^(/) on Hj^^^. Then the localized endo- 
morphism, denoted by the same 7j, is given by: 

Define G End{M) by: 

aj = p~^(f)i-jBE(pjlp (2.1.3) 

Notice by the definition of pi, pi(A^(/o)) = a(M(/o)) = (/)J^^(j)io{M{Io)), and it 
follows that (j)j}p{M) = M(/o), so (Tj as above is well defined. Note that our aj is 
a'j in [X4] and our js e is crj in [X4] . 

For each covariant endomorphism A (localized on Iq) of N{I) with finite index, 
let cr^A : 7A — > A7 (resp. a^x : 7A — > A7), be the positive (resp. negative) braiding 
operator as defined in §1.4 . Denote by A^- G End(M) which is defined by 

X^{x) := Ad{a^^)X{x) = a*^X{x)a^x 

for any x G M. By (1) of Th. 3.1 of [X4], A^p(m) G p(M) 

(similarly X^p{m) G p{M)), and hence the following definition makes sense. 

Definition 2.1.1. ax is an endomorphism of M defined by: 

ax{m) := p~^{Xap{m)), dx{m) := {X^p{m)),Wm G M. 

The endomorphisms arc called braided cndomorphisms in [X4] due to its 
braiding properties (cf. (2) of Cor. 3.4 of [X4]), and enjoy a remarkable set of 
properties (cf. §3 of [X4]). Motivated by [X4], these properties are also studied in a 
slightly different context in [BEl] and [BE2]. We will set up a dictionary between 
our notations here and that of [BEl] and [BE2] . In the following the notations from 
[BEl] and [BE2] will be given a subscript BE. The formulas are : 

7 4>Io^BE(t>Jg^, a = -/BE, 
X = (PioXbe(I>Iq , crx-f = <i)Io{e{XBE,OBE)), 
p{ax^) = p-^4>isi<^BE,0BE)) (2.1.4) 

where is last formula is obtained by the following: 

P~^(t>i^{^{>^BE,OBE)) = P~^l{crxj) = p{(y\-i) 



3-MANIFOLD INVARIANTS FROM COSETS 



35 



which follows from (2.1.3) and pp = 7. Now we are ready to set up a dictionary 
between ax e End{M) in definition 2.1.1 and as in Definition 3.3 and 3.5 of 
[BEl] . By using definitions above we have: 

ax = p~^^^al^^^-j}p 

ax= P~^(t>i^(^\BE4>7lp (2.1.5) 

In fact 

P~^4>i§oixbe'^isP ^ P~^(f>i§a~^Ad{e~ {Xbe, 9be))>^beoi(I>JcP 
= p~^ (j)i^Ad{e~ {Xbe, OBE))XBE(t>'J^ P 
= p~'^ Ad{4>i^{e~ {\be-,Obe)))^Io>'BE^'J^ P 
= p~^Ad{ax^)Xp 
= ax 

The second equation in (2.1.5) follows similarly. Notice the similarity of between 
(2.1.5) and (2.1.3). Formulas (2.1.4) and (2.1.5) above will be referred to as our 
dzc^zonar?/ between the notations of [X4] and that of [BEl] to [BE3]. 

§2.2 Relative braidings from [EES]. We preserve the setup of §2.1.1. 

Lemma 2.2.1. Let p,q & Hom{an^,an). Then 

p((^ma)ppKia) = «A(p),p((^AM)aA(9)pKMi) = ^ 

Proof. The proof follows from line 9 (count from the top) on Page 385 of [X4] (In 
the diagram drawing below line 9 one needs to change p to pi). This proof can also 
be translated into the proof of Lemma 3.25 of [BE3] by using our dictionary (2.1.4) 
and (2.1.5). 

□ 

Now let us define relative braiding as first introduced in §3.3 of [BE3]. Let 
P,5 E End{M) be subsectors of dx and a^. By lemma 3.3 of [X4], [13] and [5] 
commute. Denote by €,.(/?, 5) given by: 

er{f3,5) : = s*ai,{t*)p{ax,j^)dx{s)t e Hom{P6,5P) 

er{Sj): = erW,S)-\ (2.2.1) 

with isometrics t G Hom{(3,dx) and s G Hom{5^ay). Note that the first formula 
above is exactly (10) of [BE3] using (2.1.4), (2.1.5). Also note from (2.2.1) we have 



(2.2.2) 



36 



FENG XU 



Lemma 2.2.2. The operator er{(3,d) defined above does not depend on X, fx and 
the isometries s,t in the sense that, if there are isometries x e Hom{j3,av) and 
y e Hom{S,asi), then 

er{/3, 6) = s*as^ {t*)p{a„Xi)aM^ 

Proof. The proof follows from Lemma 2.2.1 as in the proof of Lemma 3.11 of [BE3] 
by using the dictionary (2.1.4) and (2.1.5). 

□ 

The following two lemmas are Prop. 3.12 and Prop. 3.15 of [BE3], translated 
into our notations by using the dictionary (2.1.4) and (2.1.5). 

Lemma 2.2.3. The system of unitaries of Eq. (6) provides a relative braiding 

between representative endomorphisms of sub sectors of a\ and in the sense that 
, if 13,5, u,^ are subsectors o/ [a^] , [a^] , [o;^] , [aj J , respectively, then we have initial 
conditions 

er{idM, S) = er{(3, idn) = 1, 

compositions rules 

er{Pu;,6) = er{P,S)P{er{u;,6)),er{P,S0 = 6{er{P,0)er{P,S), 
and naturality 

5{q+)er{P, S) = 6riuj,S)q+,q-,6r{P, S) = eriP,OPiQ-) 
whenever q^ e Hom{P,u>) and g_ e Hom{6,^). 

Lemma 2.2.4. P~'^4>^^i'^iBE3BE) — fr('5"i, Cj), where o"j means that the relative 
braiding £^((7^, aj) is defined so that its first argument is considered to be a subsec- 
tor of some ax (and hence the second argument is considered to be a subsector of 
some tti^), and (JigEjEE the braiding operator as defined in §i.^ for the conformal 
precosheaf associated with {M(/), V/}. 

§2.3 Factorization of coset link invariants. Let H C Gk be an inclusion which 
satisfies the assumptions of §1.6. Let Ag/h{I) be the conformal precosheaf of 
the coset as described in §1.6. Recall from §4.2 of [X4] that N(I) := Ag/h{I) 
nQ{LiH)" and M{I) := 7r°(L/G)" verifies all the assumptions of §2.1 and §2.2 so 
we can apply the results of §2.1 and §2.2. The sectors ni^a of Ag/h{I) are obtained 
in the decompositions of tt* of LG with respect to subgroup LH, and we will denote 
the set of such (z, a) by exp. We will use the following tensor notation 

Tensor Notation. Let p e End{AG / h{I) ® t^o{LiH)"). We will denote p by 
Pi ® P2 if 

p{x 1) = pi(a;) 1, Vx e Ag/h{I),p{1 ® y) = 1 ® P2(y), Vy e TToiLiH)", 
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where pi e EndiAa/Hi^)), P2 e End{7Vo{LiH)"). 

So {i, a) ® (3 will be a covariant endomorphism of N{I) — Ao/Hi^) ® t^o{LjH)" 
obtained from the covariant endomorphisms {i, a) and (3 of Ag/h{I) ci.nd -kq^LiH)" 
respectively. Note we have 

a;((i, a)® (5)^ u;{{i, a))u;{p). 

For simplicity we shall denote (i, a) ® 1 (resp. 1 ® /3) as (z, a) (resp. (3) where 1 
stands for identity automorphism. 

As in §2.1 fix a proper open interval Iq C S^. For the rest of this section we 
will fix a choice a finite set of irreducible endomorphisms of A{Io) which appear as 
irreducible subsectors of all {i, a) G exp localized on Iq and fix a choice of all irre- 
ducible endomorphisms (denoted by /3) of no{Li^H)" obtained from the irreducible 
covariant representations of the conformal precosheaf associated with H localized 
on Iq. Also as in §2.1 fix a choice of a^, 7 and p, p such that pp = 7. 

Note [a(i,a)] is a subsector of [(7^05] by (2) of Prop. 4.2 of [XI]. In fact the proof 
of (2) of Prop. 4.2 of [XI] also shows that if {i, a) e exp, then 

[M)] = [(l«)] (2.3.1) 

and it follows that (z, a) G exp. Let us give a proof of (2.3.1) following the proof of 
(2) of Prop. 4.2 of [XI]. Assume that [(i, a)] = mj[xj], where the sum is finite, 

nij G N, and xj is irreducible. So [(i, ck)] = l^j™i[%]- Since 

{a^^^i, ai^af^i) = {xj, (i, a)) = rrij 

by the proof of (2) of Prop. 4.2 of [XI], and [a^] = [dx] by (2) of Cor. 3.5 of [X4], 
[ai] — [ai] by definition, we have 

(Oa;,®l,ai«)aO-i) = (%, (^, «)) = rUj 

and it follows that [{i, a)] >- [{i, a)] for any (i, a) G exp. This shows that (z, a) G exp 
if {i, a) G exp. Replacing i, a by i, a we get [(i, a)] >- [(z, a)], and so [{i, a)] >- [{i, a)], 
and this together with [(i, a)] >- [(i, a)] proves (2.3.1). 

Proposition 2.3.1. Suppose Ui^a £ Hom{a(^ a)i(^i(^a)i'U'j^p G Hom{a(^j^p^, aja^), 
then: (1) 

er{da,Crjap)da{Uj^p) = Uj^pSrida, 0(j,/3)); 
er{aa,&jdp)aa{Uj^l3) = Uj^i3er{aa,d(^j^f3-)); 
^r{^iaoi,a{j,l3))Ui,a. = OO./g) (■J^i,Q;)er (^(i.a) , a(j,^)) i 
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(2) 

(3) Define 

c{aiaa,crja0) := er{ai, ajai3)ai{er{aa, ^ja^)). 

Then 

c{(Tiaa,(Tja^)aiaa{Uj^l3)Ui^a = Uj^fja{^j^(i){Ui^a)^r{a{i,a), 

Proof. Ad (1): The first equation follows from the naturality of relative braiding 
(cf. Lemma 2.2.3). The second equation also follows from the naturality of relative 
braiding and the fact that 

Hom{a(^j^/3), a jap) = Hom{a(^j^i3)p, aja^p) = Hom(p(j, /?), ajpP) 

= Hom{a,^j^p^p, ajapp) 
= Hom{a^j^f3),ajap), 

where we have used Cor. 3.2 and (1) of Th. 3.3 in [X4]. The third equation follows 
similarly. 

Ad(2): By monodromy equation (cf. Prop. 1.4.3) 

(^a,{j,0)(^{j,l3),a = exp27ri(A(j-,^)^^ - - A(j-,^)) = 1, 

since 

It follows that 

and by applying p to both sides and use definition (2.2.1) we obtain (2). 
(3) We have 

where we have used (2) in the second = and (1) in the the first and last =. It 
follows that 

c{(Jiaa, ajap)aiaa{aj^p) = er{ai, ajap)ai{er{aa, ajdp)ao,{uj^p)) 

= er{(Ti, ajap)ai{er{da, ajap)da{uj^f3)) 
= er{ai, ajap)ai{er{aa, ajap))dida{uj^j3) 
= eri^ida, (J jap)aida{u(^j^p)) 
= Uj^periaida, a{j,/3))i 
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where we have used the equation derived above in the second = and (1) and lemma 
2.2.3 in the rest of equahties (note by the convention of lemma 2.2.4, ai = Uj) . The 
proof is then complete by using the third equation in (1). 

□ 

Note that in (3) of the above proposition, the operator c{aiaoi, (Tja^) involve 
relative braidings between ai and ap, aj and tta as defined in §2.2, where (7i,aj are 
considered as subsectors of some 5,^,0,^. Since 

er{ai,aj3)er(ai3,ai) = 1, er{a j, aa)er(aa, aj) = 1 

by definition, we can think that the braidings between ai and a^, aj and 
"trivial". Also note the braidings between and is the image under p of the 
negative braiding between a and P, and the braidings between a^ and aj is the 
image under p~^(f)ic of the positive braiding between ctj and aj. These facts will be 
important in the proof of Th. B below. 

Now let us focus on the cases that [cTiaa] = [a(i,a)] which holds for a general 
class of cosets including diagonal cosets of type A (cf. Th. 4.3 of [X4]). By (2) of 
Prop. 4. 2 of [XI], this is equivalent to d{i,a) = d{i)d{a). Fix a choice of unitaries 
Ui,a £ Hom{a(^i o,^,aiaa) for each {i,a) e exp. The relations between the braidings 
among 0(j q,) and the braidings among (TjaQ is given by (3) of Prop. 2.3.1. Now we 
need to relate the dualities. Denote by r^i '■= p~^(j)i^^{Rigj^) G Hom{id, ajai), fo-. := 
p~'^(/)i^^{Rigj,) e Hom{id,aiai)^ and ra„ = p(i?a) e Hom{id,ao,aa),fa^ = p{Ra) e 
Hom{id, aatta.), where R and R are defined as in (1.2.1). Define: 

and 

ri,a = ai^a{ul^)ul^er{aa,ai)ai{fa)fi. 
Note by definition and Prop. 4.2 of [XI] 

ri,a e Hom{id, ad^^^^a^^i^^)) = Hom{p, p{i, a)(i, a)) 

= p{Hom{l, (z, d){i, a))) 

and similarly fi^a £ p{Hom{l, (i, a){i, a))), we may assume that 

fi,a — p{Ri,oi)-i '^i,a — p{Ri,a}- 

The next lemma shows that Ri^ai Ri,a indeed satisfy the duality conditions (thus 
justifying the notations). 

Lemma 2.3.2. (1): 
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(2) : 

\\Ri,a\\ = \\Ri,a\\ = V^iii, a)); 

(3) 

Ui,ap{0{i,a)) = P ^4>I§i0iBE)pi^a^)Ui,a, 

where $'s are the twistings as constructed in §-Z.7. 

Proof. (1) follows from definitions. 

Ad (2): Since braidings among Uj and are relative braiding and hence 

in another words, the braiding among (jj and aa are trivial, by using the naturality 
of the relative braiding (of. lemma 2.2.3) we have 

and this implies the first equation in (2) by definitions. The second equation is 
proved similarly. The last equation of (2) follows from the definitions and d{{i, ct)) = 
d{i)d{a). 

(3) follows since both sides are equal to tti^a exp(27rz(Aj — A^)). 

□ 

Note by (2) of lemma 2.3.2 we can choose our pairs q,, Ri^ot) as in lemma 2.3.2 
in our construction of C{G/H) in §1.7. Note that a different choices of the pairs 
{Ri^ai Ri,a) will not change the value of link invariants by (4) of lemma 1.7.4. 

Denote by cii), {{in-, (^n))) the link invariant of an oriented framed link 

L with n components colored by (ii, ai), a^) e exp. Since 

L{{ii, Q!i), (i„, an)) = p{L{{ii,ai), {in, an))) 

and p is an endomorphism, we can think of 

L{{ii,ai), {in,an)) 

as a link whose k-th component is colored by ai^^ce^^ k = 1, n, and replacing the 
operators corresponding to the tangles in L by their image under p. We can do the 
same with links colored by cc's. For the link L whose A;-th component is colored by 
ik, using the isomorphism p~^(f)ic we can think of L{ii, ..,in) as a link whose A;-th 
component is colored by ctj^., k = 1, ...,n, and replacing the operators corresponding 
to the tangles in L by their image under p~^0/c. 
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Theorem B. Assume a coset H C verifies the conditions of Theorem A. Let 
L he an oriented framed link in three sphere with n components. If d{{ik,0(k)) = 
d{ik)d{ak), {ik, Oik) e exp, k = 1, n, then 



L{{ii, ai), {in, an)) = L{ii, in)L{ai, ...an). 

Proof. It is sufficient to show 

p(L((zi, ai), {in, an))) = p~^(f>i^ {L{ii, in))p{L{ai, ...an)). 

By the remark before the theorem, we can think of each component of as colored 
by 0'{ik,ak)- Insert coupons u*f^Ui± = 1 on Lk- By (3) of Prop. 2.3.1 and Lemma 
2.3.2, we can pull the coupon Ui^k away from around the component Lk, and 
when Ui^k returns close to u*^ from the other direction, using Ui^kU* k = 1, we get a 
link with components colored by ai^tta,^- We can effectively think of Lk consists of 
two parallel parts with one part colored by 0"^^ and the other part colored by a^j, . 
By (3) of Prop. 2.3.1 , the braidings among CTj^ and trivial, and by using 

the naturality of the relative braiding we can move all the strings colored by 's 
away from the link colored by Oa^. The result is two links Li, L2, where Li colored 
by CTj^'s, and Li is identical to L, and L2 is colored by aa^^s, but L2 is identical 
to L except all the overcrossing and the undercrossings of L have been exchanged 
by (3) of Prop. 2.3.1. Note Li(cri^, cTj^) = p" V/.-y (^i(n, «n)) = i^), 
since Li(ii, i^) = L{ii,...,in) G C. Similarly L2{aai, a^J = L2{ai, an), 
and by Cor. 2.8.1 of [Tu] 

L2{ai, an) 

is the same as L2{ai, an) where L2 is obtained from L2 by reversing the direction 
of each component. Hence L2 is exactly the negation of L defined on Page 110 of 
[Tu]. It follows by Lemma 5.1.3 of [Tu] that 

L2{ai, an) = L{ai, an) 

since C{H) is a unitary modular category by Th. A. So we have 



L{{h, ai), {{in, an))) = L{ii, in)L{ai, ...an) 

and the proof is complete. 

□ 

§3. Applications 

§3.1 G = SU{N)k, H = e. In this section we show that the framed link invariants 
from the category C{G) with G = SU{N)k is the same as the link invariants in 
[W3]. This imply that tg{M) in this case is the same as the 3- manifold invariants 
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of [W3], [TWl] and [RT]. The proof is based on lemma 3.1.1 which shghtly improves 
(3) of Th. 3.8 of [X4]. 

Let us recall the representations 

^(^7V,7V+fc) defined on Page 368 of [Wl]. This 
a C* representation of Hecke algebra H{n, q) which is an algebra with generators 
l,5fj,i = l,...,n — 1 and the following relations 

gi9i+igi = gi+iQiQi+i 

9i9j = 9j9i/i^ |j -«l > 2 
9i ={q- 1)^* + Q- 

The minimal projections of 7ri^'^'^'^\Hn{q)) are labeled by {N, N + k) Young 
diagrams [xi, x^]. The correspondence between q^ and irreducible representa- 
tions of LSU{N)k is given by (cf. P.267 of [W2]) 

A = [xi, ...,xn] ^ a = {xi — xn + 1, ...,xn-i — xn + 1) (3.1.1) 
Denote by v the vector representation of LG. Consider the sequences of algebras 

Endiv'^) C End{v'^+^), 

where the C is the natural inclusion. The minimal projection corresponding to 
A -< /" will be denoted by p\. 

Denote hy A = UnEnd{v'^). Define 

hi = q^v'-^{cy^y),i^ 1,2,..., 
where q := exp(-||^). Define a normalized trace Tr on ^ by 

Tr{f) = ^tr{f),yfeEnd{v-) 

where tr is defined as (1.7.1). 

Lemma 3.1.1. (1) The trace as defined above is a Markov trace on A, i.e., 
Trifhn) = Tr{f)z,yf e End{v^), where z = 
(2) 

hi = {q - l)hi + q,yi; 

(3) 1, /ii, hn-i generates End{v^); 
(4) The map 

such that ijjn{hi) — 7r*^'^'^+^)((7i), i = 1,2, 1 gives a trace-preserving * iso- 

morphism between the algebras End{v'^) and 7T^^'^~^^\Hn{q)) ; 
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(5) Let p2Ai be the minimal projection in End{v'^) corresponding to 2Aj, then 

is a minimal projection in 7i^^'-^~^^\Hi{q)) corresponding to 2Ai via (3.1.1). 
Proof. Ad (1): Since C{G) is a ribbon category, we have 



tr{fhn) = tr{f)q uj{v),\/f E End{v' 



where ijj{v) = exp( ^'^^^^ ^^ ). (1) now follows from d{v) = ^gi/2_g-i/2 ^■nd the 
definitions. 

Ad (2): It is suflacient to show (2) for i = 1. Note by (1.5.13) 

[^2] = [3Ai] + [2A2]. 

Let Ts G Hom{3Ai, v^), Ta G Hom{2A2, v'^) be two isometries, uniquely determined 
up to a phase, and Ps := TgT* ,pa := TaT* {s here stands for symmteric and a stands 
for antisymmetric). Suppose h — q^^c^^y — xpa + ypa- It is enough to show that 
X = —1, y = q. By Prop. 1.4.3 we have 

cl,yPa = uj{2A2)uj{v)-^ = q^,cl^^ps = a;(3Ai)a;(v)-2 = g^, 

and so 

2 1 2 2 

X = l,y =q . 
On the other hand by Spin-Statistical theorem (Th. 1.3.3) 

tr{h) = d{v)u!{v), 

and since tr{h) — xd{2A2) + yd{3Ai), we get the following equation 

xd{2A2) + yd{3Ai) = d{v)uj{v), 

and a little algebra using 

where [m]q := ^^J^f^r^, gives 

{x + l)[N-l], + {y-q)[N + l]q = 0. 

It is then easy to rule out the three cases x = l,y = :^q;x = —l,y = —q. and we 
must have x = —1, y = q. 
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Denote by the subalgebra of End{y^) generated by 1, /ii, /in-i- From (1), 
(2) and (b) of Th. 3.6 of [Wl] the map ipn ■ ^ 7r^^'^+^\Hn{q)) defined by 
fpniK) = T^^^"^~^^\gi)-i'i' = 1,2, ...,n — 1 is a trace-preserving * isomorphism. So 
to prove (4) it is enough to show (3), i.e., = End{v'^). By Th. 3.6 of [Wl], 
the simple ideals of B^ are given by {N, K + N) diagrams with n boxes, which are 
in one-to-one correspondence with the irreducible descendants of v'^. The inclusion 
matrix of Bn C -B^+i, given by (2.14) on Page 369 of [Wl], is precisely the same as 
the inclusion matrix of End{v'^) C End{v'^~^^) by (1.5.13). Since Bi = End{v) = C, 
this proves B^ = End{v^) and completes the proof of (3) and (4). 

Ad (5): (5) is obviously true for i = 1, so let us assume i > 1. First we claim 
that hmP2Ai = —P2Ai,k = m,..,i — l. Note since 2Aj appears in once and 
only once, and by (1) of lemma 1.5.1, the only other possible subsector of with 
multiplicity 1 is (z + l)Ai. By the fusion rule (1.5.13) we can choose co-isometries 
T* e Hom{v^,2A2),T* : Hom{2A2v'-^,2Ai) such that 

P2A,=TaTT*T:, 

and it follows from (2) that hip2Ai = —P2Ai- Hence 'i/'i(P2Ai) is minmal projection 
of 7r^^'^~^'^\Hi(q)) corresponding to the one dimensional simple ideal with the 
property 

7r(Wfc)(/,^)^.(p2^j = -V'i(p2Aj,m= l,2,...,z- 1. 

Similarly by using (2) one can show that if {i + l)Ai appear in and P(i+i)Ai is 
the corresponding minimal projection, then 

Tr^^'^+''\hm)iJi{p(i+i)Ai) = qi^i{P{i+i)A^),m= 1,2, 1. 

Note that there are at most two one dimensional simple ideals in TT^^'^^^\Hi{q)) 
by (1) of lemma 1.5.1, it is then easy to see that ipi{p2Ai) corresponds to where 
A = [1*] (it is one of the trivial * representations defined on P. 370 of [Wl]) . Note 
via (3.1.1) [1*] corresponds to 2Aj, so (5) is proved. 

□ 

(5) of Lemma 3.1.1 may seem to be redundant. However note that the minimal 
projections px and q^ as described before the lemma are all related to the irreducible 
representations of LSU{N)i^, but it is not obvious that i^ipx) should correspond to 
A via (3.1.1). One must keep in mind that our construction of invariants is different 
from that of [W2] even though it will be shown in Prop. 3.1.2 that they lead to the 
same invariants, and (5) of lemma 3.1.1 is used in the proof. 

Now assume that L is an oriented framed link in with n components colored by 
Ai, An, and Ml a 3-manifold obtained by surgery on L. Denote by L^(Ai, A„) 
(resp. t'^{Ml)) the link invariant (resp. the 3-manifold invariant) defined by using 
the quantum group associated with SU{N) with the deformation parameter q = 
exp(;^) (cf. [RT], [TW]), and let L^{Xi, A„) (resp. t%M)) be the link invariant 
(resp. the 3-manifold invariant) via cabling as (*) on P. 247 of [W2]. 



3-MANIFOLD INVARIANTS FROM COSETS 



45 



Proposition 3.1.2. (1) 

L(Ai, An) = L^i^i, An) = L^{Xi, An); 

(2) 

for any closed oriented 3-manifold M. In fact it is also true if M is replaced by a 
pair (M, Q) where Q is a colored ribbon graph in M as defined on Page 82 of [TuJ. 

Proof. 

L'^(Ai, An) = L^{Xi, An) 

follows from Cor. 3.3.3 of [W2], so we just have to show 

L(Ai, An) = -^"^(Ai, An). 

Since both sides transform in the same way under the change of orientation of a 
componenet of L (the invararint is unchanged if one change the orientation of a 
component and change the color of that component by its dual), wc can assume 
that L is represented as the closure of a tangle as in the proof of (3) of Lemma 
1.7.5. Now let px^ be the minimal projection in End{v'^^) corresponding to A^, 
and let ipmi{p\i) be a minimal projection in TT^^''^~^^\Hi{q)) where iprm is defined 
as in (4) of Lemma 3.1.1. Suppose that iprmipXi) corresponds to a{Xi) which is a 
representation of LSU{N)jf via (3.1.1). By using (4) of Lemma 3.1.1, the proof of 
(3) of Lemma 1.7.5 now applies verbatim, and we have 

L(Ai, An) = L^(a(Ai), a(An)). 

To finish the proof we just have to show that a = id. Note by (5) of lemma 3.1.1 
a(Aj) = Ai,i = 1, N — 1. On the other hand since 

L(Ai, An) = L^(a(Ai), a(An)) = L'^(a(Ai), a(An)), 
we must have 

since the elements of S matrices are special cases of colored link invariants where 
the link is oriented downward, and by §3.5 of [TW] the S matrix computed from 
type A quantum group at q = exp{^^) agrees with the S matrix defined at the 
end of §1.5. So we have 5'^;^ = 5'a(A)a(At)i c-i-^i) = ^i;^ = 1? A^— 1- By lemma 
1.5.1 a = id and the proof of (1) is complete. (2) now follows immediately from 
definitions. 

□ 
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- A. - ^ " e (3.2.1) 



§3.2 Symmetry principle. The symmetry principle in the case of N = 2 first 
appeared in [MK] and later generalized to N > 2 case in [KT] . The proof in [KT] 
uses the subtle property of R matrix at roots of unity. Here we give a proof of the 
symmetry principle of our invariants L{ii, and by Prop. 3.1.1 this also gives 

a slightly different proof of the results of [KTl]. This result will be used in §3.6. 
Note that 

((AT _ i)k- 2t(A)) 
2N 

which follows from a simple computation using definitions. It follows from (3.2.1) 
that 

A,(;,) - Aa - A,(i) + G Z, (3.2.2) 

A,-i(;,) - Aa - A,-i(i) -T^eZ, (3.2.3) 

Also note from the definitions that 

t(A) + t(A) = Omod(A^) (3.2.4) 

For an oriented framed link L with n components Li,i = l,2,...,n the linking matrix 
is given by (Lj ■ Lj) where Lj ■ Lj is defined to be the framing. 

Lemma 3.2.1. Let L be an oriented framed knot. Then 

L((7(A)) = exp(27rz(A,(;,) - Ax)L ■ L)L(A) 



Proof. First assume that L is presented as the closure of a counter-clockwise braid, 
i.e., L is the closure of a tangle with all bands oriented downwards, and we will 
also assume that Tl consists of only twists and braidings. Choose the blackboard 
framing so that L ■ L = + t-^. — — t-, where (resp. 6_) are the number 
of positive (resp. negative) crossings in Tl, and t+ (resp.t_) are the number of 
positive (resp. negative) twistings in Tl. 

Since [o"(A)] = [(t(1)A] , by (3) of Lemma 1.7.4, we can replace the color (t(A) by 
a"(l)A, and by Cor. 1.2.8.3 of [Tu], we can obtain the same invariant L{a{X)) by 
cutting the band L along its core and coloring two newly emerging annuli denoted by 
Li, L2, with color A and cr(l) respectively. Now for each positive crossing or twisting 
of L we can change the positive crossing of cr(l) and A to negative crossings of a{l) 
and A provided we multiply the resulting expression by 

exp(27rz(A^(A) - Aa - A^(i))), 

by Prop. 1.4.3. Similarly for each negative crossing or twisting of L we can change 
the negative crossing of A and a(l) to positive crossings of cj(l) and A provided we 
multiply the resulting expression by 



exp(-27ri(A^(A) - Aa - A^(i))), 
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by Prop. 1.4.3. Afterwards it is easy to see that we can then pull Li and L2 apart, 
and L(cr(A)) is equal to 

exp(27ri(A,(A) - Aa - K{i))L ■ L)L{a{l))L{X). 

Note that for each positive crossing of L colored by cr(0), the corresponding braiding 
operator is a scalar multiple of identity since End{a{lY) = C, and this scalar is 
equal to u{a{l)) = exp(27rzAcr(i)) by Th. 1.3.3 since d{a{l)) = 1. Similarly for 
each negative crossing of L colored by cr(l), the corresponding braiding operator is 
a scalar multiple of identity and this scalar is equal to u{a{l))~^ — exp(— 27riAcr(i)). 
So 

L(a(l)) = exp(27rzA^(i)L • L). 

It follows that 

L{a{X)) = exp(27rz(A,(A) - Ax)L ■ L)L(A) 

when L is oriented as the closure of counter-clockwise braids. Now suppose L is 
oriented as the closure of clockwise braids. Denote by L°p the knot obtained from 
L by changing its direction. From the above proof we have 

L°^(A) = exp(27rz(Ax - A,-.(X))L°^ ■ L°^)L°^(a-HA)), 

and it follows that 

L{a{X)) = exp(27ri(A,(;,) - Ax)L ■ L)L(A) 

by using = a'^X), Ax = A^ and L°p ■ L°p = L ■ L. 

□ 

Proposition 3.2.2 (Symmetry principle). 

Suppose L has k components Li, ...Lk- Then 

L(Ai, a(Aj), Xk) = L{Xi, Aa;)x 

exp(27ri((A,(A,) - A^JL, • + J^iA^ix,) - Ax, - A,(i))L,- • L,)) 

Proof. Without loss of generality we assume that i = 1. As in the proof of Lemma 
3.2.1 we can obtain the same invariant by cutting the band Li along its core and 
coloring two newly emerging annuli denoted by A^2,^i, with color A and cr(l) re- 
spectively. By using Lemma 3.2.1, L((7(Ai), A2, Afc), up to multiplication by 
exp(27ri(Ao^(;^^) — Ax^)Li ■ Li) is the same as the invariant of a link L' where A^^i 
colored by a{l) is unknotted and split from A^2 colored by Ai, and the rest of L' 
is the same as L. Now suppose that A^i and Lj,j = 2, ...k are all oriented anti- 
clockwise. The crossings of Ni and Lj occur in right or left handed pairs which 
algebraically sum to Li • Lj. For each righthanded pair of crossings of A^i and Lj, 
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the associated operator is a scalar multiple of identity since End{a{l)Xj) = C, and 
the scalar is 

exp(27rz(A^(A^.) - Aa,. - A^(i))) 

by Prop. 1.4.3, and similarly for each lefthanded pair of crossings of A^i and L^, 
the associated operator is a scalar multiple of identity and the scalar is 

exp(-27ri(A^(;,.) - Aa^. - A^(i))), 

so all told we have shown the proposition in the case that all Lj are oriented anti- 
clockwise. To finish the proof we just have to show the phase factor of the equation 
in the proposition remain the same under changing the orientations of components 
Lj and in the same time changing the color Xj to its dual Xj when j > 1, and 
changing the orientation of Li and in the same time changing the color Ai to Ai, a 
to a~^. For j > 1 this is equivalent to 

(A,(A,) - Aa, - A,(i)) + (A,(A.) - Aa. - A,(i)) e Z, 

which follows from immediately from (3.2.2), (3.2.3) and (3.2.4). For j = 1 this is 
equivalent to 

(A^-HA,) - Aa, - A,-i(i)) + (A,(A,) - Aa, - A,(i)) e Z, 
which also follows from immediately from (3.2.2), (3.2.3), (3.2.4) and 
^ = cT-i(A), Aa = Aa, .Lr = L.L. 

□ 

§3.3 Level-rank duality. An almost immediate consequence of Th. B is a result of 
[KT] relating two three manifold invariants. Our proof below is different from [KT] . 
Let us first prepare some notations. The conformal inclusion SU{n)m x SU{m)n C 
SU{nm)i has been used in [XI] (also. cf. [X7] and [X8]) and the branchings rules 
are given in [ABI]. Let 7r° be the vacuum representation of LSU{nm) on Hilbert 
space H^. The decomposition of 7r° under L{SU{m) x SU{n)) is known, see, e.g. 
[ABI] . To describe such a decomposition, let us prepare some notation. We shall use 
S to denote the S'-matrices of SU{m), (see §2.2), and S to denote the ^'-matrices of 
SU{n). The level n (resp. m) weight of LSU{m) (resp. LSU{n)) will be denoted 
by A (resp. A). 

We start by describing (resp. -f^?), i.e. the highest weights of level n of 
LSU{m) (resp. level m of LSU{n)). is the set of weights 



A = /cqAo + kiAi H h km-iAm-i 
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where fcj are non-negative integers such that 

m — 1 
i=0 

and Ai = Aq + uji, 1 < i < m — 1, where uji are the fundamental weights of SU{m). 
Instead of A it will be more convenient to use 

m — 1 

A + p = ^ kiki 

~ m — 1 

with ki = ki + 1 and ^ /c^ = m + n as in the notation of §1.5. Due to the cyclic 
symmetry of the extended Dykin diagram of SU{m), the group acts on by 

^ -^(i+cr) mod mi ^ ^ ^m- 

Let ^rn.n — P^/'^m- Then there is a natural bijection between Vtm,n and Vt^^^n (see 
§2 of [ABI]). 

We shall parameterize the bijection by a map 

as follows. Set 

m 

where km = ko. The sequence (ri, . . . , r^) is decreasing, m + n = ri>r2>---> 
Tm ^ 1- Take the complementary sequence (fi, f2, . . . , f„) in {1, 2, . . . , m + n} with 
fi > f2 > • ■ ■ > fn- Put 

5'j = m + n + fn- fn-j+i , I <j <n. 

Then m + n = si > S2 > • • • > -Sn > 1- The map /3 is defined by 

(n, ... ,rm) ^ (si, . . . ,Sn). 

The following lemma summarizes what we will . For the proof, see Lemma 3, 4 of 
[ABI]. 
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Lemma 3.3.1. (1) Let Q be the root lattice of SU{m), Aj, < z < m — 1 its 
fundamental weights and Qq = (Q + Aq) fl P". Then for each X e Qo, there exists 
a unique A e with A = (Tf3{\) for some u e such that H^^ ® H-^ appears once 
and only once in . Moreover, as representations of L{SU{m) x SU{n)), is a 
direct sum of all such H-^. 

(2) E ^li = ^- 

AGQo 

1 

(3) 'S'xi = (^) ^ '5'^/3(A)i- 

We shall denote the bijection as in (1) of lemma 3.3.1 hy X e Qo ^ ^ = F{X) e 
Qo. 

Consider the coset H = SU{m)n C G = SU{nm)i. By using the above decom- 
positions, it is proved (cf. Lemma 3.2 of [XI]) that the coset conformal precosheaf 
is the conformal precosheaf of Hi = SU{n)m, and it follows by definition that 
-F(A) is isomorphic with (1, A) as representations of the conformal precosheaf of 
Hi — SU{n)mi where 1 denotes the identity sector of G, A e Qq. By Th. B we 

have 

L(F(Ai), F{Xn)) = L(Ai, A„)L(1, 1). 

But L(l, ...1) = 1 so we have 

L(F(Ai), F{Xn)) = L{Xi,...,Xn). 
When m and n are relatively prime, denote by 

TS[7(n)^/Z„(M) 

and 

the three manifold invariants associated with SU {n)m/'^n and SU {m)n/^m respec- 
tively as defined on Page 226 of [MW] (our notation Hm/^n corresponds to their 
PSU{n) at level m) or as on Page 260 of [KT2]. 
Since Ch + = 'mn — 1, 

1 
1 

xeQo 

by lemma 3.3.1, it follows by above definitions that we have proved the following 
proposition: 



AeQo AeQo ii 



3-MANIFOLD INVARIANTS FROM COSETS 



51 



Proposition 3.3.2. If m and n are relatively prime, then 



T-S[7(n)^/Z„(M) = Tsu{m)r,/Zm{M) 

for any closed oriented 3-manifold. 

Note by (2) of Prop. 3.1.2 the above proposition gives a different proof of the 
main result Th. 4.2.7 of [KT2] which is based on symmetries of certain Boltzmann 
weights. 

§3.4 Simple current extensions of su{N). 

Recall that the finite set of irreducible representations of LSU{N) at level k is 
given by 

Pi+ = |AeP|A= Yl AiAi,A,>l, J] Xi < h\ 

^ i=l,— ,N-l i=l,— ,n-l ^ 

where P is the weight lattice of SU (N) and Aj are the fundamental weights and 
h = N + k. Recall that this set admits a Zjv automorphism generated by 

N-l 

(Ji : A = (Ai, A2, Ajv_i) cri(A) = {h- ^ A^, Ai, Xn-2)- 

Note t(A) := Ej(Ai - l)imod(iV) and Q is the root lattice of SL{N) (cf. §1.3 of 
[KW]). Also note that A e Q iff ^r(A) e Z. 

Suppose N = mq, with m, q positive integers. Assume level k satisfies: 

kq e 2mZ ifiV e 2Z; kq G mZ ifAT e 2Z + 1, (3.4.1) 

then there is an extension by the simple current cr^(l), realized as standard net 
of subfactors (cf. §2.1) as in Prop. 6.4 of [BE3]. The relation between condition 
(3.4.1) and orbifold subfactors in the string algebra framework was noticed in [X5]. 

Let Gi := SU {N)/Zm- We shall denote the above nets of extensions as described 
in Prop. 6.4 of [BE3] simply by G C Gi. We use Gi since it is likely that the net 
as described in Prop. 6.4 of [BE3] are related to the representations of loop group 
LGi which is not connected. The representation theory of such loop groups should 
be very close to that of [PS] but has not been developed yet. Note that the index of 
the inclusion G C Gi is m (cf. §6 of [BE]). Now we can apply the formulas in §2.1 
to this inclusion. Note that this is not a coset construction, but we shall see that 
Cor. 1.7.3 applies to the theory determined by Gi, and we can use the inclusion 
G C Gi to calculate the 3-manifold invariants of Gi in terms of G. 
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Lemma 3.4.1. (1) The conformal precosheaf Gi is strongly additive and ji-rational. 
Its jJL-index, denoted by fiOi is given by 

fJ'Gi = —■ 

(2) Let X be the finite set of all irreducible sectors of Gi, and let D_ := d'^u!~^. 
Then 

D_ = y/i^exp( —), 

where Cq is the central charge of LSU{N) at level k. 

Proof. Ad (1): Since G C Gi has index m, Gi is strongly additive by lemma 2.1.4. 
The vacuum representation of Gi, denoted by 7r°, decomposes into a finite number 
of irreducible representations of (5, and the same argument showing that G is split, 
using the asymptotics of the generator of the rotation proved in Th. B of [KW] (cf. 
[BAF] or P. 21 of [X7]) now applies verbatim, and shows that Gi is split. Note 

7r°(G(E))" C n\Gi{E))" C 7r°(Gi(E^))' C 7r°(G(E^))', 

where E G is union of two open intervals /i, /2 C such that the intersection 
of their closure in is empty. Since 7r°(G(£^))" C 7r°(G(£^'^))' has finite index (cf. 
Th. 3.5 of [X7]), it follows that 

7r°(Gi(i?)r C7r°(Gi(£;^)y 

also has finite index, and so Gi has finite /j, index. Now applying Prop. 21 of [KLM] 
gives the formula of the /x-index. 

Ad(2): By (1) and Th. 30 of [KLM] the set X of all irreducible sectors of Gi 
is finite. Apply the formalism of §1.5 to this set X. By Cor. 32 of [KLM], the 
F-matrix as defined (1.5.0) is non-degenerate, and 

for some C E C with [C*! = 1. By the remark after the proof of Prop. 3.1 of [X3] 
(note in this case there is 1 since the coset G C Gi is trivial and there is our 
A;^^ ) , we have 

and this finishes the proof of (2) by (1.7.5). 

□ 
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Lemma 3.4.2. (1) 

0<j<m-l 

(2) 

0<j<m-l 

where S'^{t{X)) is defined to be 1 if t{X) = Omod(m) and otherwise. 

Proof. Both equations follow from similar equations in Th. 6.9 of [BE3], using the 
dictionary in §2.1. 

□ 

Denote the set A, t(A) = Omod(m) by Pm- Since T(cr^) = qk = Omod(m) by 
(3.4.1), P^ admits a action generated by a'^ , and decomposed into disjoint 
imion of orbits, denoted by Oi,...,Op. Consider an orbit Os- Suppose Og = 
{As, (7'^(As), ...a-^^^^'^{Xs)}. Denote irreducible sectors of ax, X e Og by at{Os), 1 < 
t < g{Os)- By (2) of the above lemma 

{at{Os),at.{Os')) = ^ 

if s ^ s' . Note that these (7i{Os) are in one-to-one correspondence with some of the 
irreducible sectors of the extended net Gi, and with a slightly abuse of notations we 
will use crt(Os) to denote the irreducible sector of Gi. We will see in the following 
that they are in fact all of the irreducible sectors of the extended net Gi. We will 
(it is always possible ) choose an involution of our labels s ^ s such that 

and an involution of our labels t ^ t such that 

[^^] = [^t(0.-)]. 

Now consider the covariant irreducible representation tt'^**^*^") of Gi. Consider 
the following analogue of Jones' s basic construction: 

Tr'^*^^^) ((?(/))" C 7r"*(^^^(Gi(/))" C 7r"*(^^)(Gi(r))" C Tr"*^^^^ (G(r))". 

Note that the minimal index of 

7r^*^°«)(Gi(/))" c 7r"*^°^)(Gi(r))" 

is d{at{Os))'^ , and the minimal index of 



7r'^*(^^)(G'(/))" C 7r'^*(^«)(Gi(/)) 
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and 

7r'^*(^«)(G'i(/))" C TT^'^^^^Giil"))" 

are the same and equal to m. When restricting to G, tt^**^*^") decomposes into a finite 
number of irreducible representations, and by our choices, each of such irreducible 
representation belong to the orbit Og, and the multiplicity of any such cr-'^(As) is 
given by 

by (2) of lemma 3.4.2. By the additivity of statistical dimensions (cf. [L3]) the 
minimal index of the inclusion 

is 

f{sfd{Xsf{{a,{Os).a,jf. 

On the other hand by using the multiplicative properties of statistical dimensions 
(cf. [L3]) the minimal index of 

is m'^d{at{Os))'^, so we have: 

d{at{Os)) = Mrf(A,)(a,(0,),aAj (3.4.2) 

Lemma 3.4.3. The irreducible sectors at{Os), 1 < t < giPs) above are all the 
irreducible sectors of Gi. 

Proof. It is sufficient to show that 

d{at{Os)f = \iG, 

Os,l<t<g{Os) 

by Th. 30 of [KLM]. By (3.4.2) we have 

^d(A,)2(at(0,),a;,.)2 



Os,l<t<g{Os) 0,,l<t<g{0,) 



Os l<i<g(Os) 



ITT' X „ 
AGP, 
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where we used (cf. (2) of lemma 3.4.2) 



J2 MOs),ax,) = {ax^,ax. 



m 



Let us show 



By definitions 



XePm A:r(A)=Omod(m) 

= E E ''W' 

l<i<q A:r(A)=mimod(iV) 

= E E "i^-)' 



l<i<q A:A=A{mod(Q) 

— iV 

i<q 

1 

—fJ'G 

m 



E -. 

l<i<Q 



where for each 1 < i < q wc choose a such that T{Xi) = mi mod(A'^), and in the 
sixth = we have used Cor. 2.7 of [KW]. It foUows that 

Y d{at{Os)f = ^//G, 

Os,l<t<giO^) 

and by (1) of lemma 3.4.1 the proof is complete. 
□ 

Note that combine the above lemma and Cor. 32 of [KLW] gives a different proof 
of Th. 6.12 of [BE3] (also cf. [EK3]). 

Now let us construct a unitary modular category C{Gi) as in §1.7. We choose 
the set of objects pi,i & I to be at{Os), 1 < ^ < giPs) and <j{Os) such that 

HOs)]= (^t(a),aAjkt(0,)]. 

l<t<3(Os) 

Note that since (7t{Os) has univalence ui{Xs) independent of so a{Os) is of uniform 
valence with univalence uj{Xs). By (1) of Cor. 1.7.3 C{Gi) is an abelian unitary 
ribbon category. Now using lemma 3.4.1, lemma 3.4.3 and Cor. 32 of [KLM] we 
conclude that C{Gi) is a unitary modular category. 
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Note that [cr(Os)] = [a^^] by our definition. Choose unitaries 

it(Os) e Hom{ax^,(T{Os)). 

Define 

r{Os) := a{Os){u*{Os))u*{Os)p{RxJ,r{Os) := a{Os){u*{Os))u*{Os)p{RxJ, 

then we have the following analoge of (3) of Prop. 2.3.1 and Lemma 2.3.2 : 
Lemma 3.4.4. (1) 

u*{Ot)a{Ot){u*iOs))a^^o.),^o,) = pax,,xyiOt)a{Ot){u*{Os)) 

where a^^y is the braiding operator between x and y as defined in ^1.4 ; 

(2) 

f{0src7{0s){r{0s)) = zrf,(o.),r(0,)V(0,)(f(0,)) = id^^o.y, 

(3) 

u*iOs)e^io.)=p{exJu*iOs); 

U) 

Proof. (1) follows from lemma 2.4. (2) follows from definitions. (3) follows since 
To prove (4), insert coupons 

on the k-th componenet of L,k — 1, ...,n as in the beginning of the proof of Th. 
B. By (1), (2) and (3) we can pull the coupon Wj fc away from tt*^ around the 
component Lf~, and when Ui^k returns close to u* from the other direction, using 
Ui^kU* — 1, we get a link identical to L, but with the k-th components colored by 
oAs^. ,k=l, n. Since 

the proof of (4) is complete. 

□ 
Note 

J2 d{at{Os))L{at{0,),...) = - J] f{s){at{Os),axM>^s)L{at{0,),...) 

l<t<5(0.) l<i<3(0.) 

= -/(s)(i(A,)L(c7(0,),...), (3.4.3) 
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where in the second = we have used (2) of Lemma 1.7.4 and the colors indicated 
by ... are kept fixed in the summation. So we have 



l<tj<giOsj),j=l,...n 



dK(o,j)...dK(o,j)LK,(o,j,ai,(o,j,...,a,jo,j) 

-i^/(si)/(s2).../(sJd(A,J...d(A,jL(a(0,J,...a(0,J) 

lit 

\f{si)f{s2)...f{sn)d{Xs,)...d{XsjL{X,^,...AsJ 



m 



\ J2 d{Xi)...d{Xn)L{X,,...,Xn) (3.4.4) 



m , ^ 



where in the second and the third = we have used (4) of Lemma 3.4.4. Apply the 
above to the closed 3- manifold invariants associated with C{Gi) we have 

LK(0,J,...,a,„(0,J) 

^^j(6_(.)-6,W)^_i_ ^ d(AO...d(A.)L(A„...,A„) 

'^1 Sj,Xj€Osj,j='i.,---,n 

^^3(6_(L)-.,(L))_^ ^ d(Ai)...d(A.)L(Ai,...,A.) 

^ /.3(b-(L)-b+(L)) 1 

^ d(Ai)...rf(AjL(Ai,...,AO, (3.4.5) 

Xj€P^_^_,T{Xj)=Omod(m),j=l,...,n 

where we used lemma 3.4.1 that /c^^ = /c^, Dq = mDc^ , and Dq and /c^ are given 
by (1.7.4) and (1.7.5) respectively. 

Let us consider a special case of (3.4.5) when AT = 2, m = 2. Choose k = 4/ci, ki e 
N so that (3.4.1) is satisfied. Note that there are ki + 2 simple objects in C(Gi), 

2 of them coming from the 2 irreducible subsectors of at^ by (2) of lemma 3.4.2, 
where as in §3.5, we use half integers to denote the irreducible representations of 
SU{2). It is easy to see that our invariants tq^ in this case is exactly the invariants 
discussed on Page 234 of [MW] when Z = A; + 2 is even but not divisible by 4. What 
is new here is a description of a unitary modular tensor category (consequently a 

3 dimensional Topological Quantum Field Theory in the sense of Chap. 4 of [Tu]) 
C{Gi) underlying this invariant. 

§3.5 Parafermion cosets. Consider the coset H C Gm with G = SU{n) and H 
is the Cartan subgroup of G, a n — 1 dimensional torus. This coset is an example 
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of parafermion cosets (cf. [DJ]). It is proved in §4.4 of [XI] that this coset verifies 
all the assumptions of Th.l, and hence we have a 3 manifold invariant tq/h- Also 
by §4.4 of [XI] the assumption of Th. B is also satisfied in this case, hence we can 
effectively calculate these invariants. We will do this for the case of G = SU (2) in 
the following. 

We will label the representations of LSU (2) at level k hy i such that < 2z e 
% < k. The representations of the subalgebra LXJiX) at level 2k is labeled by 
0<aGZ<2/c — 1. The fusion ring of LU{\) at level 2/c is isomorphic to the group 

2 

ring of Z2fe and the conformal dimension of a is given by Aq, = exp(27ri^). The 
central charge of this coset (cf. (1.7.6)) is given by Cq/h = '^^+2 • 

Note (i, a) G exp iff i + f G Z. By (2.6.12) of [KW], we know that {i, a) y (0, 0) 
iff (z,a) = (0,0) or (/c/2,/c). On the other hand since [a(fe/2,fc)] — [c"fe/20fe] has 
statistical dimension 1, it follows that 

[(fc/2,fc)] = [(0,0)]. 

This leads to the only selection rule that 

[{i,a)] = [{k/2-i,a + k)]. (3.5.1) 

It is then easy to calculate the sum of the index of all different sectors [{i, a)], and 
the result is ^kjiQ- But by Lemma 2.2 of [X3], we have 

d{G/HY^iG 

and since d{G/ HY — k"^-, IJ^h > 2/c, \kiiG < IJ^g/h-, we must have 

= 2k,iiG/H = ^k/iG, 

and by [KLM] this shows that {i, a) G exp subject to (1) are all the irreducible 
sectors of the coset G/H. 
By Th. B, we have 



Note that the fusion ring generated by a's is isomorphic to the group ring of I^2k-, 
and easier argument than that in the proof of Prop. 3.2.2 shows that (also cf. 
[MOO]) 

L(q;i, an) = exp(— — aL • aL), 
4A; 

where aL :— aiLi, and 

aL ■ aL := ^ ^ a^ajL^ ■ Lj. 

l<i,j<n 
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L{ii, ...,in) is the same as the framed hnk invariants in [KM] by Prop. 3.1.2. 
The three manifold invariant is given by 

ij + ^eZ,i=l,...,n 

L{ii, in) exp(-^Q;L • aL) 

ij + ^eZ,j=l,...,n 

2ni 

L{ii, ...,in) exp(-— — ckL • aL), (3.5.2) 
4A; 

where Dq = , ^ , -Ph = \/2fc, and /cg/h = exp(27ri^^), which follows 

V fc+2 ^"^(^ feTa ) 

from (1.7.3) and (1.7.4). The 2~" factor appears in the first — due to (3.5.1). 
Note that the summation above is over all those representation labels given at the 
beginning of this section subject to the indicated constraints. 

When k = 2ki + 1 is odd, we can choose a unique representative of (z, a) in the 
equivalent class obtained by relation (3.5.1) such that 2i is even, and in this case a 
is also even since i + ^ G Z. So 

TG/HiML) = E diH)...d{in)LiH, ...,Z,)x 

ije'Z,j=l,...,n 

Yl eM-'^o^L-aL) 

aj£2Z,j=l,...,n 

= 2"/^4^-^^^-''+^^»i^5" Yl d{h)...d{in)L{h, ...,in) 

ijeZ,...,j=l,...,n 
aj£2Z,j=l,...,n 

note that 

2n/2^3(6_(L)-6^(L))^_n ^ d(n)...d(i„)L(n , i„) 

is T50(3)(M) (cf. [MW] or [KT2]) , and 

2n/2kf^W-HiL))j^-n ^ exp(-^aL . aL) 

aj£2Z,j=l,...,n 

is also a 3 manifold invariant as defined on P. 545 of [MOO] with N — k, and we 
denote it by T[/(i)/22- Hence 



TG/HiM) = Tso(3)(M)tc/(i)/z,(M). (3.5.3) 
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Note that Tu(^iyz2 depends only on the hnking matrix, and it follows from Page 521 
of [KM] that it is homotopy invariant, determined in fact by the first Betti number 
of Ml and the linking pairing on TorHi{Mi). In fact ru^iyx^ is expressed in terms 
of classical invariants in [MOO]. 

However when k is even, it is not clear if tqi^j can be factorized into the products 

of other invariants. One may try to express to{M)th{M) in terms of tq/h^ but 
this does not seem to be possible for general M. To illustrate this let us consider 
the case that k = 2ki with ki odd, and L has only one component with framing 
n = 2?ii, and ni is odd. Consider the transformation a ^ a + ki which changes 
the parity of a, and since 

exp( — (a + kiYn) = exp(— a'n)(-l)""i exp(^— ), 

we have 

E 27rz 2 TfikiUi 27rz ^ 

Denote the Gauss sum 

exp(— a n)= ^^P^i^"^ "1) 

0<a<2fc-l 0<a<4fei-l ^ 

by G(ni,4/ci), note that G(ni,4/ci) ^ (cf. [Lang]). Prom the above we have 

Eexp(— ^CK^n) = G(ni,4/ci), 
_ ^M/c ^ ri-expr -"fe^^M 



ae2Z 



and 



Eexpf—— CK^n) = -, G(ni,4:ki) 
4A; ^ (i_exp(^^)) ^ ' ^ 



ae2Z+l 



So 



rc/MM.) = l4^M^)--^^))D-,(^ L(,)- E i^a)exp(^))x 



G(ni,4/ci) 



(l-exp(^%^))' 

Compared to 

j,2jez j,2jez+i 
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expressing tgth in terms of tq/h would imply a relation between 
and 

which seems unlikely since when k is even the symmetry j — > k/2 — j preserves the 
parity of 2j, and does not relate the above two sums, so the symmetry principle 
as on Page 513 of [KM] (also cf. Prop. 3.2.2 ) does not help. Also since in this 
case k = 2ki is not divisible by 4, the SO (3) invariants as discussed in the end of 
§3.4 does not exist. It is not clear if tq/h is related to any of the previous known 
invariants in a simple way. 

§3.6 Diagonal cosets of type A. We consider the coset 

H := SU{N)m'+m" C G := SU{N)m' x SU{N)m", 

where the embedding H <Z G is diagonal. Wc use i (resp.a) to denote the irreducible 
positive energy representations of LG (resp. LH). To compare our notations with 
that §2.7 of [KW], note that our i is (A', A") of [KW] , and our a is A of [KW]. We 
will identify i = (A', A") and a = A where A', A", A are the weights of SL{N) at 
levels m', m", m' + m" respectively. Suppose 

i = (A/, Ai"), J = (A2', A2"), k = (A3', A3"), a = Ai, /3 = A2, 5 = A3. 

Then the fusion coefficients TV^- := N^l, ^^,N^f (resp. 7V^^ := N^l^^ )of LG 
(resp. LH) are given by Verlinde formula (cf. §1.5). Recall the covariant 

representations of the coset G/H. The set of all (z, a) := (A', A", A) which appears 
in the decompositions of tt* of LG with respect to LH is denoted by exp. This set 
is determined on P.194 of [KW] to be (A', A", A) e exp iff A' + A" - A e Q, where Q 
is the root lattice (cf. §3.4). The Zjv action on (z, a), Vz, Va is denoted by a{i, a) := 
(cr(A'), cr(A"), (t(A)), a e Zjv. This is also known as diagram automorphisms since 
they corresponds to the automorphisms of Dykin diagrams. Note that this Zjv 
action preserves exp and therefore induces a Ztv action on exp. 

By Th.4.3 of [XI], this coset verifies the conditions of Th. A and Th. B. Let us 
first calculate Hg/h- By lemma 1.6.1 

d{G/HYiiG 

^GIH = • 

By Th. 4.3 of [XI]: 

diG/Hf =Y.dl= 
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SO 

A direct way of calculating the sum of index of all irreducible sectors of (i, a) £ exp 
can be found in (2) of Th. 2.3 of [X2]. From (1) of Th. 2.3 we have 

kh/H = {kG/kuf, 

and this also follows from (1.7.3). 

To calculate tqih we need to prepare some further notations from [X3]. We 
define a vector space W over C whose orthonormal basis are denoted hy i ® a 
with i = (A', A"),q; = A. W is also a commutative ring with structure constants 
given by N^jN^^. Let V be the vector space over C whose basis are given by the 
irreducible components of aiaii^a (cf. §4.3 of [X4]) . Then V = VqQVi, where Vq is 
a subspace of V whose basis are given by the irreducible components of (Titti^a with 
{i, a) e exp, and Vi is the orthogonal complement of Vq in V- The composition 
of sectors gives V a ring structure. By (1) of theorem 4.3 of [X4], the irreducible 
subrepresentations of (z, a) of the coset are in one-to-one correspondence with the 
basis of Vo and this map is a ring isomorphism by (1) of Prop. 4. 2 of [X4], and we 
will identify the irreducible subrepresentations of (z, a) of the coset with the basis 
of Vo in the following when no confusion arises. Note that Vq is a subring of V and 
Vo.Vi C Vi. 

Define a linear map P : W ^ V such that P{i (8) a) = aitti^a- By Th. 4.3 of 
[X4] 

P{i 0;)= (Tiai^a = P{i' ® «') = crvama' 

iff a^{i) = i', a' [a) = a' for some s e Z. Also {P{i ® a), P{j ® /5)) = if P{i ® 
a) ^ P{j ® f3) by (*) of §4.3 of [X4]. Note P(ct(1) ® ct(1)) = 1 and P is a ring 
homomorphism from W to V. Define Wq := P~^{Vq),Wi := P~^(Vi), then W — 
Wq © Wi since exp is a invariant. Note that i ® a E Wq iS i — a E Q. Define the 
action of on W as a{i <Si a) — cr{i) ® a{a). 

Assume cr*(* ck) = z (8) q: for some i ® a E Wq, and < s < A?" is the least 
positive integer with this property. Let t = By equation (*) on Page 30 of [X4] 
we have: 

{P{i®a),P{i®a)) = t. 

In particular when t > 1, i.e., when the subgroup of Zjv which fix (z®a) is nontrivial, 
the sector P{i (g) a) is not irreducible. The question of decomposing P{i (E) a) when 
t > 1 into irreducible pieces is known as Fixed point resolutions which is discussed 
in [LVW], [FSSl] [FSS2]. The problem is answered in a mathematical framework 
in [X2]. The result is (cf. Page 10 of [X2]) that there exists ci, ...,Ct e Vq such that 

P{i^a)= Ck, d{ck) = -d{i)d{a),k= l,...,t. (3.6.0) 

i<fc<t * 
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Note that if P~^{P{i ® a)) = {ii ai, ...is » cts}, then st = N. 

Note we identify the covariant representations of the coset with the basis of 
P{Wq) — Vq. The univalence of A := P{i ® a),i ® o: e Wq are given by: ua = 
exp(27rz(Ai — Aq,)), where A^, Aq, are the conformal dimensions (cf. §1.5, and if 
i = (A', A"), Ai := Aa' + Aa"). Note ii a, then coa = w^- 

Under the action of a, Wq decomposes into disjoint orbits denoted by Op := 
{{ip (8) dp), cr((zp Oip)), o--^^'^''\{'ip ® Oip))- Note that aU the elements of Op are 
mapped to the same element P{ip (8) ap) by P. Notice that 

N 

{P{ip <8) ap), P{ip (g) ap)) 



fiOpY 

and so P{ip ® ap) decomposes into g{Op) := j^-^ irreducible sectors denoted by 
xi{Op), Xg(0p)(Op) by (3.6.0). To summarize, we have to each orbit Op associate 
irreducible sectors denoted by xi{Op), ...,Xg(^o^^{Op), and 

{xj{Op),Xi{Op')) = 

if Op 7^ Op'. Moreover the statistical dimension d{xj{Op)) = ^-^d{ip)d{ap) by 
(3.6.0). Use Th. B the calculation of tqjh is now rather similar to the calculation 
of TG^, and in fact essentially the same argument as (3.4.3) and (3.4.4) with some 
change of notations gives the following 

TG/niML) = (^)3(''-W-HW)(i;Gi^/f)-" E L{iu...,in)W^::^ 

ij —cx.j&Q,l<j<n 

(3.6.1) 

where ko, kn are given by (1.7.5), Dq-, Dh are given by (1.7.4), Q is the root lattice 
(note A e Q iff ^ e Z), and 

L(h, i J = L(A(1)', A(n)')L(A(l)", A{n)") 

iiij = iAUy,A{jy),j = l,...,n. 

Let us first consider a special case of (3.6.1) when m" = 1. This coset is called 
Coset Wn algebras with critical parameters in [XI] due to its close relations with 
W algebras (cf. [FKW] and [BBSS]). 

Proposition 3.6.1. Suppose m" = 1. Then there exists a function F which only 
depends on the Unking matrix of L such that 



tg{Ml)th{Ml) = Ftg/h{Ml). 

Proof. To save some writing only in this proof we shall denote write ij = {sj,tj) 
and Ij := {sj,tj; aj), j = 1,2,..., n. The link invariants L(ii, i„)L(ai, q;„) 
will be denoted by L(/i,/2, ...,/„). Define t(/j) := T{sj) + T{tj) — T{aj), d{Ij) = 
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d{sj)d{tj)d{aj), a{Ij) := {a{sj), a{tj); a{aj)), and a'{Ij) := {sj,a{tj);aj),j = 
1,2, ...,n. By symmetry principle Prop. 3.2.2 

L(/i, aili), = exp(-27rz ^ ■ L, + 27ri^L, ■ Li)L{h, h, In) 

(3.6.2) 



L(/i,...,a'(/0,-,^) = exp(27rz(^^-^)L,-L,-27rzX;^^r^i) (3-6.3) 

Consider the following summation 

J2 dih)...diIn)L{h,...,...,In). (3.6.4) 

T{Ii)=Ximod{N) 

Since T{a{Ii)) — r^Ii) = Omod(A''), the set which is summed over above is invariant 
under the action of a. By using (3.6.2) it is easy to see that if 

— ^ ^ ^jLj ' Li + ^iLi ■ Li 

is not divisible by N for some «, then the summation in (3.6.4) is 0. Let us assume 
that 

—XjLj ■ Li + XiLi ■ Li = Omod{N), Vz (3.6.5) 

By using (3.6.2) repeatedly it is easy to see that under (3.6.5) any term L{Ii, /„) 
in the summation (3.6.4) has the property that 

L{ay^ (/i), ay-iln)) = L(Ji, J,), V^i, y^. 

Using this we have: 

J2 L(/i,...,...,^)=iV- L{h,...,...,In) 

T{Ii)=Ximod{N) ti=a='i {l),T(Ii)=Ximod{N) 

= N- J2 L{a"'\h),...,...,a'^"{In)) 

ti = l,r(7i)=0mod(iV) 

= N^f{xi,L) L(/i, ...,...,/,), 

ti = l,r(/i)=Omod(Af) 

where f{xi, L) depends only on the linking matrix of L and numbers {xi} and in 
the last step we have repeatedly used (3.6.3). Also keep in mind that the action of 
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cr on the label ti is transitive and t((T^*(1)) = i. When {xi} does not verify (3.6.5), 
we define f{xi, L) = 0. 
So we have 

^ d{h)...d{In)L{h,.. In) 

0<Xi<N-l T{Ii)=Ximod{N) 

= (^)3(6-(L)-6+(L))^-n^^-n ^ N^f{xi,L)x 
^ 0<Xi<N-l 

d{h)...d{Ir,)L{h,...,...,In) 

ti = l,T(Ii)=Omod{N) 
0<Xi<N-l 

The proposition now follows by choosing 

F= Yl /(^^'^)- 

0<Xi<N-l 

□ 

Corollary 3.6.2. Under the condition of the previous proposition, there exists a 
S-manifold invariant Fi such that 



rG{ML)TH{ML) = F^{Ml)tg/h{Ml). 
Proof. By the previous proposition we can define 



Ii{Ml) — — -—— — , 

if tg/h{Ml) 0, and 

Fi(Mi) := 0, 

if tgih{Ml) = 0. Fi is a 3-manifold invariant since tg{Ml)iTh{Ml) and 
tgih{Ml) B-manifold invariants. 

□ 

It seems to be possible to choose Fx in Cor. 3.6.2 to be a homotopy invariant, 
but the above proof does not show this. 
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Let US consider the simplest case H = SU{2)2 <Z G = SU{2)i x SU{2)i. 
This coset has central charge Cq/h = 1/2 and corresponds to the critical Ising 
model. There are three simple objects in C{G/H), denoted by 1 :~ (0, 0;0),x := 
(0, 1/2; 1/2), y := (0,0; 1), with univalence u{x) = exp(27rz^). As sectors we have 
[x^] = [1] + [y], [xy] — [x], [y'^] — 1. Note that C{G/H) has the same number of 
simple objects with identical fusion rules as C{SU (2)2), but with one different univa- 
lence a;(l/2) = exp(27rz^). We can evaluate tq/h by using the formula (3.6.1) but 
instead let us take the following short cut by using the similarity with C{SU{2)2). 
Consider the sequence of algebras 

Hom{x'',x'') C Hom{x''+\x''+'^).... 

By a similar argument as in the proof of lemma 3.1.1 (2) we have If 

hn := exp(ya;''"^(c^,3;)), 

then 

hl = {q- l)hn + q, 
with q = exp(^). The Bratteli diagram of the algebras 

Hom{x'^,x'^) C ifom(x"+\x'^+^)... 

is determined by the fusion rules and it is then easy to see that this sequence of 
algebras are a special case of the sequence of algebras analyzed by Jones in §5.2 of 
[Jl] (with T = 1/2). Now an almost identical argument as in the proof of Cor. 4.11 
of [KM] shows that 

L(x,x, ...,x) = v^exp(— — L • L)Vl, 

lb 

where Vl is the modified Jones polynomial as in Cor. 4.11 of [KM]. Now the proof 
of Th. 7.1 of [KM] applies verbatim, with the constant c = exp(^^) on page 524 
of [KM] replaced by exp(^). The result is a formula for tg/h{M) as in Th. 7.1 
of [KM], with their c = exp(^^) replaced by exp(^^). Let us record this result 
in the following proposition: 

Proposition 3.6.3. Let M be a closed, oriented 3-manifold, H = SU{2)4 c G = 
SU{2)2 X SU{2)2. Then 

9 

where c' = exp( ~iq^ ), and ^{Mq) is the /i-invariant of the spin structure 9 on M 
and the sum is taken over all spin structures. 

It is also interesting to compare the above coset with the simplest parafermion 
coset Hi := U{1)4 C Gi := SU {2)2. This coset has central charge 1/2 with three 
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simple objects. In the notations of §3.5 these three simple objects are given by 
xi := (1/2, l),yi := (1, 0), 1 := (0, 0) with fusion rules 

[^?] = [l] + [l/i]J^iyi] = N,[2/?] = [l], 

and the conformal dimension (modulo integers) of xi is j^. Now exactly the same 
argument as above shows that the coset Hi := U{1)4 C Gi :— SU {2)2 gives the 
same 3- manifold invariant as in Prop. 3.6.3. 

In general there is no clear relation between TG{ML)fH{Mi,) and tg/h{Ml) 
as in Prop. 3.6.1 by inspecting (3.6.1) and using the symmetry principle. This is 
especially true in the case when the action of a has fixed points on exp. For example 
the coset SU{2)2^k+i) C SU{2)2k x SU{2)2i has a fixed point {k/2, 1/2- Any of 
the diagram automorphisms of the three groups SU{2)2(k+i): SU{2)2k and SU{2)2i 
preserves the parity of the representation labels. One runs into a problem similar 
to the example at the end of §3.5 if TG{Mi,)fH{ML) can be expressed in terms of 

TG/HiML). 

The simplest case when there is a fixed point under the action of a is the coset 
H = SU{2)4 G G = SU{2)2 X SU {2)2. In this case there is a unique fixed point 
(1/2, 1/2; 1). The corresponding unitary modular category C{G/H) has 13 simple 
objects: 11 from the 11 orbits of Z2 action on the set (zi,Z2,ct) with zi + ^2 ~ 
q; G Z, where each of this orbit contains two elements, and 2 from the fixed point 
(1/2, 1/2; 1) by (3.6.0). Note from (3.6.1) that in this case the three manifold 
invariants are expressed in terms of Jones polynomial at sixth and fourth roots of 
unity via cabling (cf . [KM] ) , and since Jones polynomial at sixth and fourth roots of 
unity can be expressed in terms of classical topological invariants, it is an interesting 
question to see if one can do the same with our tg /h along the lines of [KMZ] . 

§3.7 A "Maverick" Coset. Let us consider a "Maverick" Coset H = SU{2)s C 
G — SU{3)2 (cf. [DJl]) considered at the end of [XI]. This coset is also considered 
in [X2] as the first counter-example to a hypothesis of Kac-Wakimoto (cf. [KW], 
[X8]) which is not a conformal inclusion. This coset verifies Th. A, so there is a 
unitary modular category C{G/H) as constructed in §1.7. However as shown in 
[XI] this example does not verify the condition of Th. B, so we need to find a way 
to calculate tq/h- 

As shown in [XI], C{G/H) has 6 simple objects, denoted by the following : 
1 = (00,0),a; = (00,4),y = (10,2), = (01,2),^ = (10,4),^ = (01,4). The notation 
for representation is slightly different from §1.5. Here the representation of 5^(3)2 is 
denoted by two integers (A1A2), Ai + A2 < 2 such that the vacuum representation is 
given by (00) and the representation of su{2)s is labelled by an integer A;, < A; < 8 
such that denotes the vacuum representation. 

The nontrivial fusion rules are 

[x'] = [1] + [x], [yy] = [1] + [x], [z'] = [1], [y] = [xz]. 

The central charge of this coset is 0.8, which is the same as the diagonal coset 
i?i = SU{3)2 C Gi = SU{3)i X SU{3)i. Furthermore the diagonal coset i?i = 
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SU{3)2 C Gi = SU{3)i X SU{3)i also has 6 irreducible sectors labeled in the 
following 

1 = (00, 00; 00), = (00, 00; 11), yi = (00, 01; 01), y = (00, 10; 10), 

zi = (00, 20; 20), zi = (00, 02; 20). 

where we use the same notations for representations of SU{3) as above. It is an 
easy exercise to show that the map 1 — > 1, [x] [xi], [y] [yi], [z] [zi] is a ring 
isomorphism, and 

^{y) = ^{yi) = exp(27ri — ). 

Now notice that y (resp. yi) is a generating element in C{G/H) (resp. C{Gi/Hi)) 
, and by a simpler argument as in lemma 3.1.1 Hom{y'^ ,y'^) (resp. Hom{y^ ^y^)) 
is isomorphic to Wenzl's representation (cf. [Wl]) 'n''^'^\Hn{q)) with q = exp(^). 
Hence C{G/H) and C{Gi/H\) are compatible as defined before lemma 1.7.5. By 
Lemma 1.7.5 we have shown 

TG///(M) = TG,/H,(M). 

Finally note that the parafermion coset (cf. §3.5) U{1)q C SU{2)^ also has central 
charge 0.8 and 6 simple objects. A simple calculation shows that the element 
(1/2, 1) is a generating element with uni valence exp(27riYp). Now similar argument 
as above shows that the modular category associated with the coset U{1)q C SU (2)3 
is compatible with C{G/H) or C{Gi/Hi) above, and so by Lemma 1.7.5 give the 
same 3-manifold invariants. We can therefore use (3.5.3) to calculate the three 
manifold invariant associated with the coset H = SU{2)fi C G = SU{3)2- 

For more such "Maverick" Cosets, see [DJ2] and [FSS2]. It will be interesting if 
one can calculate the corresponding 3-manifold invariants by a similar identification 
as above. 

3.8 A Question. An interesting question is to investigate the perturbative aspects 
of tg/h similar to the case of tq (cf. [Ro], [Gar], [O]). Note that 3-d Chern-Simons 
action and 2-d gauged WZW action exist for the coset (cf. [MS], [KS]), it remains 
to see if one can draw any conclusion on the calculations of tq /h similar to that of 
[Ro]. 
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